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Abstract 

In the arithmetic of function fields Drinfeld modules play the role that elliptic curves take on in the 
arithmetic of number fields. As higher dimensional generalizations of Drinfeld modules, and as the 
appropriate analogues of abelian varieties, G. Anderson introduced pure t-motives. In this article 
we study the arithmetic of the latter. We investigate which pure t-motives are semisimple, that is, 
isogenous to direct sums of simple ones. We give examples for pure t-motives which are not semi- 
simple. Over finite fields the semisimplicity is equivalent to the semisimplicity of the endomorphism 
algebra, but also this fails over infinite fields. Still over finite fields we study the Zeta function and 
the endomorphism rings of pure i-motives and criteria for the existence of isogenics. We obtain 
answers which are similar to Tate's famous results for abelian varieties. 
Mathematics Subject Classification (2000): 11G09, (13A35, 16K20) 

Introduction 

In the last decades the Arithmetic of Function Fields has acquired great impetus caused by Drin- 
feld's [DrU IDr2j invention of the concepts of elliptic modules (today called Drinfeld modules) and 
elliptic sheaves in the 1970s. Both are analogues of elliptic curves. The latter live in the Arithmetic 
of Number Fields, like their higher dimensional generalizations abelian varieties. In |BHll IHal| we 
claimed that pure Anderson motives (a slight generalization of the pure t-motives introduced by An- 
derson [Anl] ) and abelian r-sheaves should be viewed as the appropriate analogues for abelian varieties 
and higher dimensional generalizations of elliptic sheaves or modules. We want to further support this 
claim in the present article by developing the theory of pure Anderson motives over finite fields. 

To give the definition of pure Anderson motives let C be a connected smooth projective curve over 
¥q, let oo G C{¥q) be a fixed point, and let A = T{C \ {oo], Oc)- For a field L D let a* be the 
endomorphism of Al := A L sending a®btoa®h^ for a ^ A and 6 € L. Let c* : A ^ L be an 
Fq-homomorphism and let J = (a (X" 1 — 1 (X" c*(a) : a G A) C A^. A pure Anderson motive M = (M, r) 
of rank r, dimension d and characteristic c* consists of a locally free Ai-module M of rank r and an 
^i-homomorphism r : a*M := M (Xa^jO-* Al — > M with dimicokerr = d and J'^ • cokerr = 0, such 
that M possesses an extension to a locally free sheaf M on C Xjf^ L on which : ((T*)'7W Ai{k ■ oo) 
is an isomorphism near oo for some positive integers k and /. The last condition is the purity condition. 
The ratio j equals ^ and is called the weight of M. Anderson's definition of pure t-motives [Anl] 
is recovered by setting C = Pp and A = ¥g[t]. In the first two sections we recall the definition of 
morphisms and isogenies between pure Anderson motives as well as some facts from [BHl] . Also for 
an isogeny / between pure Anderson motives we define the degree of / as an ideal of A (j2.8p which 
annihilates coker / (j2.10p . If M is a semisimple (see below) pure Anderson motive over a finite field, the 
degree of any isogeny / : M — > M is a principal ideal and has a canonical generator (|7.3p . In particular 
/ has a canonical dual. 
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Next we address the question whether every pure Anderson motive is semisimple, that is, isogenous 
to a direct sum of simple pure Anderson motives. A pure Anderson motive is cahed simple if it has 
no non-trivial factor motives. This question is the analogue of the classical theorem of Poincare-Weil 
on the semisimplicity of abelian varieties. By giving a counterexample (Example 16. ip we demonstrate 
that the answer to this question is negative in general. On the positive side we show that every pure 
Anderson motive over a finite base field becomes semisimple after a field extension whose degree is a 
power of q (j6.15p . and then stays semisimple after any further field extension (j6.16p . Let Q be the 
function field of C. Then the endomorphism Q-algebra QEnd(M) := End(M) (^lA Q of a semisimple 
pure Anderson motive is semisimple (|2.7p and over a finite field also the converse is true (jG.lip . This 
is false however over an infinite field (I6.13p . 

Like for abelian varieties the behavior of a pure Anderson motive M over a finite field is controlled 
by its Frobenius endomorphism vr (defined in 15. 2p . If M is semisimple we determine the dimension and 
the local Hasse invariants of its endomorphism Q-algebra QEnd(M) in terms of vr ()6.5l 19. Ip . We define 
a Zeta function Zm for a pure Anderson motive M (Definition 17. 6p and we show that it satisfies the 
Riemann hypothesis (j7.8p . and has an expression in terms of the degrees deg(l — tt*) for all i if M is 
semisimple ()7.7p . We prove the following isogeny criterion. 

Theorem 18.11 Let M and M' be semisimple pure Anderson motives over a finite field and let ir, 
respectively vr', be their Frobenius endomorphisms. Then the following are equivalent: 

1. M and M' are isogenous. 

2. The characteristic polynomials of tt and vr' acting on the v-adic Tate modules of M, respectively 
M' , coincide for some (any) place v S Specj4. 

3. There exists an isomorphism of Q- algebras QEnd(M) = QEnd(M') mapping vr to vr'. 
4- = Zm' ■ 

In the last section we sketch a few results for the question, which orders of QEnd(Af) occur as 
the endomorphism rings of pure Anderson motives (jl0.7l 110. lip . There is a relation between the 
breaking up of the isogeny class of a semisimple pure Anderson motive into isomorphism classes, and 
the arithmetic of QEnd(M). We indicate this by treating the case of pure Anderson motives defined 
over the minimal field Fg. In this case QEnd(M) is commutative (jlO.lip . Many of our results parallel 
Tate's celebrated article |Tat| on abelian varieties over finite fields. To prove them, a major tool are the 
Tate modules and local shtuka attached to pure Anderson motives, which we recall in Sections U] and 
El and the analogue [Tag , [Tam] of Tate's conjecture on endomorphisms. These local structures behave 



like in the classical case of abelian varieties, local shtuka playing the role of the p-divisible groups of the 
abelian varieties. The only difference is that p-divisible groups are only useful for abelian varieties in 
characteristic p, whereas the local shtuka at any place of Q are important for the investigation of abelian 
T-sheaves and pure Anderson motives. One of the aims of this article is to demonstrate the utility of 
local shtuka. For instance we apply them in the computation of the Hasse invariants of QEnd(M) in 
Theorem 19.11 We also used them in [BHl] to reprove the standard fact that the set of morphisms 
between two pure Anderson motives is a projective ^-module (jl.Sp . Scattered in the text are several 
interesting examples displaying various phenomena (16.11 16.131 19.41 19. 5p . Note that there is a two in one 
version [BH2J of the present article and [BHlj on the arXiv. 
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Notation 

In this article we denote by 

¥q the finite field with q elements and characteristic p, 

C a smooth projective geometrically irreducible curve over F^, 

oo G C{¥q) a fixed Fg-rational point on C, 

A = r(C \ {oo}, Oc) the ring of regular functions on C outside cxd, 

Q = Fg(C) = Quot(A) the function field of C, 

the completion of Q at the place v £ C, 
Ay the ring of integers in Q^. For f 7^ oo it is the completion of A at v. 

F„ the residue field of A.^. In particular Fqo = Fg. 

For a field L containing Fg we write 

Cl = C xspecF, SpecL, 
Al = A L, 
Ql = Q ®¥g L, 

Ay^L = 74^(8)FgL for the completion of Oc^ at the closed subscheme v x SpecL, 

Q^j^ = Ay^Lil]- ^^^^ ^^is '^o^ ^ ^^^'^ if F^, n L D Fg, 

Frobg : L ^ L for the (/-Frobenius endomorphism mapping x to x'^, 

a = idc X Spec(Frobq) for the endomorphism of which acts as the identity on the points and on 

Oc and as the g-Probenius on L, 
a* for the endomorphisms induced by a on all the above rings. For instance 

cj* (a (g) 6) = a O 6^ for a G ^ and b € L. 
a*M = M ®AL,a* Al for an ^^.-module M and similarly for the other rings. 

For a divisor D on C we denote by Ocj^{D) the invertible sheaf on whose sections ip have divisor 
(v) — —D. For a coherent sheaf on Cl we set J-{D) := T ®Ocj^ ^Cl^^^- This notation applies in 
particular to the divisor D = n ■ 00 for n € 

We will fix the further notation vr, F, E, fi^^ , iiy , Fy , Ey , and Xv in formula (j6.ip on page 1151 
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1 Pure Anderson Motives and Abelian r-Sheaves 

Pure Anderson motives were introduced by G. Anderson [Anlj under the name pure t-motives in the 
case where A = ¥p[t]. They were further studied in [BHlj . To give their definition let L be a field 
extension of ¥q and fix an Fg-homomorphism c* : A ^ L. Let J C be the ideal generated by 
a (g) 1 - 1 (g) c* (a) for all a £ A. 

Definition 1.1 (pure Anderson motives). A pure Anderson motive M = (M, r) of rank r, dimension d, 
and characteristic c* over L consists of a locally free AL-module M of rank r and an injective Ai^-module 
homomorphism t : a*M ^ M such that 

1. the cokernel of t is an L-vector space of dimension d and annihilated by J"^, and 

2. M extends to a locally free sheaf M of rank r on Cl such that for some positive integers k,l 
the map r' := r o (7*(t) o . . . o ((7*)'~^(r) : ((T*)'M M induces an isomorphism ((t*)'7Woo — > 
M{k ■ oo)oo of the stalks at oo. 

We call e := kerc* G Spec A the characteristic point of M and we say that M has finite charac- 
teristic (respectively generic characteristic^ if e is a closed (respectively the generic) point. The ratio 
wt(M, r) := J equals ^ and is called the weight of{M,T); see JBH1\ Proposition 1.2]. 

Definition 1.2. (Compare JP^ 4.5]) 

1. A morphism / : (M, r) {M',t') between Anderson motives of the same characteristic c* is a 

morphism f : M ^ M' of A^-modules which satisfies / o r = r' o a*{f). 
^- If f '■ M ^ M' is surjective, M' is called a factor motive of M. 

3. A morphism f ■ M ^ M' is called an isogeny if f is injective with torsion cokernel. 

4. An isogeny is called separable (respectively purely inseparable^ if the induced morphism 

T : o"*coker/ coker/ is an isomorphism (respectively is nilpotent, that is, if for some n the 
morphism r o a*T o . . . o ((T*)"r is zero). 

We denote the set of morphisms between M and M' by Hom(M,M'). It is an A-module. 

If M and M' are pure Anderson motives of different weights then Hom(M, M') = {0} by [BHlt 
Corollary 3.5]. This justifies the terminology pure. The following fact is well known. A proof can be 
found for instance in [BHll Theorem 9.5]. 

Theorem 1.3. Let M and M' be pure Anderson motives over an arbitrary field L. Then HomfM, M') 
is a projective A-module of rank < rr' . The minimal polynomial of every endomorphism of a pure 
Anderson motive M lies in A[x\. □ 

Corollary 1.4. ( ]BH1\ Corollary 5.4]) Let f ■ M ^ M' be an isogeny between pure Anderson motives. 
Then 

1. there exists an element a £ A which annihilates coker/, 

2. there exists a dual isogeny : M' M such that f o f^ = a • id^f and o / = a • id*/ . 

Next we come to the notion of abelian (r-)sheaves. It was introduced in |Halj in order to construct 
moduli spaces for pure Anderson motives. We briefly recall the results from [BHl] on the relation 
between pure Anderson motives and abelian r-sheaves. Although our primary interest is on pure 
Anderson motives we present abelian r-sheaves here because they can have characteristic point e = 
00 G C in contrast to pure Anderson motives, and many results for the later extend to this more general 
situation. Moreover, some results are proved most naturally via the use of abelian r-sheaves (e.g. 19.11 
and 17.31 below). The fact that e = 00 is allowed for abelian r-sheaves was crucial for the uniformization 
of the moduli spaces of pure Anderson motives in |Halj and the derived consequences on analytic 
uniformization of pure Anderson motives. Let L D Fg be a field and fix a morphism c : SpecL — > C. 
Let J be the ideal sheaf on Cl of the graph of c. Let r and d be non-negative integers. 
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Definition 1.5 (Abelian r-sheaf). An abelian r-sheaf £ = {J-i, UijTi) of rank r, dimension d and 

characteristic c over L is a collection of locally free sheaves J-i on Cl of rank r together with injective 
morphisms Ui^Ti of Oci^-modules {i G Z) of the form 



n,,. 



n-2 



Hi. 



i+1 



Ui identifies J-i 



■ ■ ■ > (y -Fi-2 > cf -Fi-\ > -Fi > • • • 

subject to the following conditions: 

1. the above diagram is commutative, 

2. there exist integers k,l > with Id = kr such that the morphism Ili^i^i o ■ 
with the subsheaf J^i^i{—k ■ oo) of J-i+i for all i G Z, 

3. cokerTTj is an L-vector space of dimension d for all i G 

4- cokerTj is an L-vector space of dimension d and annihilated by J'^ for all i G Z. 

We call e := c(SpecL) G C the characteristic point and say that T_ has finite (respectively generic^ 
characteristic if e is a closed (respectively the generic) point. If r 7^ we call wt(£) := ^ the weight of 

£■ 

Remark. 1. If T_ is an abelian r-sheaf and D a divisor on C, then T_{D) := (J^i{D), TTj® 1, Tj® 1) is an 
abelian r-sheaf of the same rank and dimension as £. 

2. Let T be an abelian r-sheaf and let n G Z. We denote by £[n] := {J^i+n, ni^n,Ti+n) the 
n-shifted abelian r-sheaf of T_ whose collection of ^'s, 77's and r's is just shifted by n. 



Definition 1.6. A morphism / between two abelian r-sheaves T_ = {Ti,IIi,Ti) and T' = {T-,n-,T-) 
of the same characteristic c : Spec L ^ C is a collection of morphisms fi : J^i ^ !F[ {i G Z) which 
commute with the U 's and the r 's, that is, /j+i o Ui = n[ o /j and /j+i on = t- o a* fi. We denote the 
set of morphisms between T_ and by Hom(£, It is an Y q- vector space. 

For example, the collection of morphisms {Tli) ■ ^[^] defines a morphism between the abelian 
r-sheaves £ and £[ 1 ] • 

Definition 1.7. Let T_ and be abelian r-sheaves and let f G Hom(^, £') be a morphism. Then f 
is called injective (respectively surjective, respectively an isomorphism^, if fi is injective (respectively 
surjective, respectively bijective) for all i G Z. We call T_ an abelian factor r-sheaf of if there is a 
surjective morphism from onto T_. 

\i T_= (J-i, ni,ri) is an abelian r-sheaf of rank r, dimension d, and characteristic c : SpecL C 
with e = im c 7^ 00 then 

Mm ■■= {M, r) := (t{Cl \ {00}, ^0) , o ro) (1.1) 

is a pure Anderson motive of the same rank and dimension and of characteristic c* : A ^ L. Conversely 
we have the following result. 

Proposition 1.8. f JBIIl\ Theorem 3.1]) Let {M,r) be a pure Anderson motive of rank r, dimension 
d, and characteristic c* : A ^ L over L. Then (M, r) = M{Q for an abelian r-sheaf T_ over L of 
same rank and dimension with characteristic c := Specc* : SpecL Specj4 C C . One can even find 
the abelian r-sheaf T_ with k,l relatively prime. 
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2 Isogenies and Quasi-Isogenies 

We recall the basic facts about isogenies from [BHlj . 

Proposition 2.1. (IBH1\ Proposition 5.1]) Let / : £ ^ £' he a morphism between two abelian r- 
sheaves T_ = [Fi^Ui^Ti) and = {T^, n'-,Tl). Then the following assertions are equivalent: 

1. f is injective and the support of all coker /j is contained in Dx Spec L for a finite closed suhscheme 
Dec, 

2. f is injective and T_ and have the same rank and dimension, 

3. T_ and T[ have the same weight and the fiber fi^^ at the generic point r] of Cl is an isomorphism 
for some (any) i € X. 

Definition 2.2. 1. A morphism satisfying the equivalent conditions of Proposition Wl\ 

is called an isogeny. We denote the set of isogenies between T_ and by Isog(£, £'). 
2. An isogeny f T_ ^ Tf is called separable (respectively purely inseparable^ if for all i the 
induced morphism Ti : a* coker /j coker /j+i is an isomorphism (respectively is nilpotent, that 
is, Ti o (T*Tj_i o . . . o {a*)^Ti^n = for some n). 

The endomorphism rings of abelian r-sheaves are finite rings. But if we allow the (endo-)morphisms 
to have "poles" we get rings which are related to the endomorphism rings of the associated pure 
Anderson motives. We make the following: 

Definition 2.3 (Quasi-morphism and quasi-isogeny) . Let T_ and Tf^ he abelian r-sheaves. 

1. A quasi-morphism / between T_ and T[ is a morphism f G Hom(£, £'(!))) for some effective 
divisor D on C. 

2. A quasi-isogeny / between T_ and T[ is an isogeny f £ Isog(£, for some effective divisor 
D on C. 

If Di < D2 the composition with the inclusion isogeny £'(-Di) C £'(-D2) defines an injec- 
tion Hom(£, £'(1^1)) ^ Hom(£, £'(D2))- This yields an equivalence relation for quasi-morphisms 
and quasi- isogenies. We let QHom(£, and QIsog(£, £') be the set of quasi-morphisms, respec- 
tively quasi-isogenies, between £ and £' modulo this equivalence relation. We write QEnd(£) := 
QHom(£,£) and QIsog(£) := QIsog(£,£). 

The Q- vector spaces QHom(£, and QEnd(£) are finite dimensional, and QIsog(£) is the group 
of units in the Q-algebra QEnd(£), see |BHlt Propositions 6.5 and 9.4]. 

Two abelian r-sheaves T_ and are called quasi-isogenous (notation: T_ ~ £'), if there exists 
a quasi-isogeny between T_ and The relation ~ is an equivalence relation. If £ f« then the 
Q-algebras QEnd(£) and QEnd(£') are isomorphic, and QHom(£, is free of rank 1 both as a left 
module over QEnd(£') and as a right module over QEnd(£). 

Proposition 2.4. ( JBHll Proposition 6.10]) Let T_ and ^ be two abelian r-sheaves of characteristic 
£ ^ 00 and let M{T) and M(£') he their associated pure Anderson motives. Then there is a canonical 
isomorphism of Q -vector spaces 

QHom(£,£') = Hom(M(£),M(Z'))«'AQ. 

If M and M' are pure Anderson motives, then the elements of HomfM, M') ®a Q which admit 
an inverse in Hom(M',M) <^a Q are called quasi-isogenies. With this definition we can reformulate 
Propositions 11.81 and 12.41 as follows. 

Corollary 2.5. Let e 7^ cxd. Then the functor ^ ^ M(J^) defines an equivalence of categories between 
1. the category with abelian r-sheaves as objects and with QIIom(£, as the set of morphisms, 
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2. and the category with pure Anderson motives as objects and with Hom(M, M') Q as the set of 
morphisms. 

We call these the quasi-isogeny categories of abelian r-sheaves of characteristic different from oo and 
of pure Anderson motives, respectively. □ 

Definition 2.6. Let T_ he an abelian r-sheaf. 

1. T_ is called simple, if Zl¥' Q. ^'^^ £ ^^■s abelian factor r-sheaves other than and T_. 

2. T_ is called semisimple, if T_ admits, up to quasi-isogeny, a decomposition into a direct sum 
£ ~ £i © • • • ® T„ of simple abelian r-sheaves Z.j 1^ j 1^ n-)- 

We make the same definition for a pure Anderson motive. 

Remark. 1. Let £ be an abelian r-sheaf with characteristic different from oo. Then £ is (semi-) simple 
if and only if the pure Anderson motive M{T^ is (semi-)simple by jBHH Proposition 7.3]. 

2. It is not sensible to try defining simple pure Anderson motives via sub-motives, since for example 
aM c M is a proper sub-motive for any a E A \ A^ . This shows that pure Anderson motives behave 
dually to abelian varieties. Namely an abelian variety is called simple if it has no non-trivial abelian 
subvarieties. 

Theorem 2.7. ( \BH1\ Theorem 7.8]) Let T_ be an abelian r-sheaf of characteristic different from oo. 

1. If ^ is simple, then QEnd(^) is a division algebra over Q. 

2. If T_ is semisimple with decomposition T_ ^ T_y © • • • © up to quasi-isogeny into simple abelian 
r-sheaves then QEnd(£) decomposes into a finite direct sum of full matrix algebras over the 
division algebras QEnd(^j ) over Q. 

In the following we want to define the degree of an isogeny which should be an ideal of A since 
in the function field case we have substituted A for Z. Let f ■ M —>■ M' be an isogeny between pure 
Anderson motives. Then the AL-m.odx\\.e coker / is a finite L- vector space equipped with a morphism 
of ^L-modules r' : a* coker / — > coker /. Since coker / is annihilated by an element of A it decomposes 
by the Chinese remainder theorem 

(coker /,r') = (coker /, r') ©a =: • 

t;£supp(cokcr /) ii£supp(coker /) 

If V 7^ £ the morphism r' on K_,^j is an isomorphism and so Lang's theorem implies that 

{K, ©l L-p)- ©f, L-p ^ ®L ^^'P 
is an isomorphism; see for instance [AnH Lemma 1.8.2]. In particular 

[F, :Fg] •dimF„(^,©LL^^P)" = dimF^(K, ©^ L^<=Pr = dimLsep(^^ ©^ L'^^P) = dim^K,. 

On the other hand if the characteristic is finite and v = e, the characteristic morphism c* : A ^ L 
yields C -L and determines the distinguished prime ideal 

Oo := (6 © 1 - 1 © c*(6) : 6 G F^) C A^x ■ 

If we set n := [F^ : Fg] and := (cr*)*ao = (6 © 1 — 1 © c*{hY^ : b G F^), then we can decompose 
Ae,L = ®iez/nZ^e,L/ai and r is an isomorphism 

for i ^ since r is an isomorphism on M and M' outside the graph of c*. (This argument will be used 
again in Proposition 13. 8[ ) In particular 

[F, : ¥g] ■ dimLiKjooK^) = dim^^ . 
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Definition 2.8. We assign to the isogeny f the ideal 

D£supp{cokcr /) v^e 

of A and call it the degree of /. We call £dimi(/^^/ao^e) ^/^g inseparability degree of / and 
j^^^^ ^dimFji^„®iL-p)- ^/^g separability degree of /. 

Remark. The separability degree of / is the Euler-Poincare characteristic EP(^^^^^ K^^ (gi^, L'^^p)^; see 
Gekeler \Gek\ 3.9] or Pink and Traulsen |PT[ 4.6]. Recall that the Euler-Poincare characteristic of a 
finite torsion A-module is the ideal of A defined by requiring that EP is multiplicative in short exact 
sequences, and that EP{A/v) := v for any maximal ideal v of A. 

Lemma 2.9. 1. If f ■ M ~^ M' O'^^d 9 '■ M' ~^ M" o.^^ isogenics then deg{gf) = deg(/) • deg{g). 
2. dimp^ ^/ deg(/) = dim^coker/. 

Proof. 1 is immediate from the short exact sequence 

^ coker / — ^ coker (gf) ^ coker g ^ 

and 2 is obvious. □ 
Proposition 2.10. The ideal deg{f) annihilates cokei f . 

Proof. If V = e and a is a uniformizer at e, then multiplication with a is nilpotent on the L-vector space 
Kj^/ooKj,. In particular a'^^'^^iKJ aoK^) annihilates A^e/aoK^, and hence also K^ . 

If V ^ e and a is a uniformizer at v, we obtain analogously that a'^^"^^^^—^'^^^'""^^^ annihilates the 
F^,-vector space {K_^ (8)^ L'^^^Y and therefore also the L- vector space □ 

Proposition 2.11. Let f : M ^ M' he an isogeny such that deg(/) = aA is principal (for example this 
is the case if C = P-^ and A = ¥q\t\). Then there is a uniquely determined dual isogeny : M' M 
( depending on a ), which satisfies f o f^ = a ■ idjvf' CLnd f^ o f = a ■ idif • 

Proof. Since deg(/) annihilates coker / the proposition is immediate. □ 

In Theorem 17.31 we will see that any isogeny / G End(M) of a semisimple pure Anderson motive 
over a finite field satisfies the assumption that deg(/) is principal. 



3 Local Shtuka 

There are mainly two local structures which one can attach to pure Anderson motives and abelian 
r-sheaves, namely the local (iso-) shtuka and the Tate module. We treat the Tate module in the next 
section. The local (iso-)shtuka is the analogue of the Dieudonne module of the p-divisible group attached 
to an abelian variety. Note however one fundamental difference. While the Dieudonne module exists 
only \fp equals the characteristic of the base field, there is no such restriction in our theory here. And in 
fact this would even allow to dispense with Tate modules at all and only work with local (iso-)shtuka. 
Local (iso-)shtuka were introduced in [Hal] under the name Dieudonne ¥ q\z\-modules (respectively 
Dieudonne ¥q{[z)) -modules). They are studied in |An2t IHa2t ILau] . Over a field their definition takes 
the following form. 

Definition 3.1. Let v £ C be a place of Q and let L D Fg be a field. An (effective) local cr-shtuka at 
V of rank r over L is a pair M = (M, (p) consisting of a free A^^i-module M of rank r and an injective 
Ajj^L-module homomorphism (f) : a*M ^ M . 

A local fj-isoshtuka at v of rank r over L is a pair N = (iV, 0) consisting of a free Qv^L-i^odule N 
of rank r and an isomorphism (j) : a*N — > N of Qv^L-tnodules. 
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Remark 3.2. Note that so far in the hterature |An2t IHall IHa2l ILau] it is always assumed that 
has residue field Fg, the fixed field of o" on L. So in particular A y^ij is an integral domain and Qv^l Is 
a field. For applications to pure Anderson motives this is not a problem since we may reduce to this 
case by Propositions 13.51 and 13.81 below. 

Definition 3.3. A local shtuka M = (M, (p) is called etale if (p is an isomorphism. The Tate module 
of an etale local a-shtuka M at v is the G := Gal{L^'^^ / L) -module of (/)-invariants 

The rational Tate module of M is the G-module 

V^M := T^M Qv ■ 

It follows from |TWl Proposition 6.1] that T^M is a free A^-modn\e of the same rank than M and 
that the natural morphism 

is a G- and (^-equivariant isomorphism of ^^,Lscp-modules, where on the left module G acts on both 
factors and (j) is id^cr*. Since [L^^^)^ = L we obtain: 

Proposition 3.4. Let M and M' be etale local a-shtuka at v over L. Then 

1. M = (TyM f^Av ^t),Ls<=p)'^; the Galois invariants, 

2. Hom^^ ^[^](M, M') — > Hom 4 ^. (r„ M, T„M^) , f T-uf is an isomorphism. 

In particular the Tate module functor yields an equivalence of the category of etale local shtuka at v 
over L with the category of Ay[G] -modules, which are finite free over A^. □ 

Proof. 1 and 2 are immediate. Hence clearly the Tate module functor is fully faithful. That it is an 
equivalence follows analogously to [Kat, Proposition 4.1.1]. □ 

If the residue field of v is larger than Fg one has to be a bit careful with local (iso-)shtuka since 
Qv,L is then in general not a field. Namely let #F„ = q"^ and let F^/ := {a G L : a'^" = a} be the 
"intersection" of F^ with L. Then 

F„OiF^L= Yl ^v(^¥^fL= Yl ^v(^¥, L/{b(g> l-Kg)^' : be ¥gf) 

and a* transports the i-th factor to the (i + l)-th factor. (Of course, the indexing of the factors depends 
on a choice of embeddings F^/ C F^, and F^/ C L.) Denote by the ideal of Ay^j^ (or Q^^l) generated 
by 1 - 1 ft'i'V ^ g rpj^gn 

Ay,L= Yi A^(E)^^^.L= Ay^L/ai 

Gal(F^//F,) i&Z/fZ 

and similarly for Q^. Note that the factors in this decomposition and the ideals correspond precisely 
to the places Vi of Gf , lying above v. 

qJ 

Proposition 3.5. Fix an i. The reduction modulo Oj induces equivalences of categories 
1. (iV,0) ^ {N/aiN, (t>f : (a*)^iV/oiiV ^ N/aiN) 

between local a-isoshtuka at v over L and local -isoshtuka at Vi over L of the same rank. 



3 LOCAL SHTUKA 



10 



2. {M,<p) ! — > (M/oiM, : {a*yM/aiM M/oiM) 

between etale local a-shtuka at v over L and etale local -shtuka at Vi over L preserving Tate 
modules 

Proof. Since cr*aj = Oj+i the isomorphism (j) yields isomorphisms a* {N / aiN) N/ai^iN and similarly 
for M. These allow to reconstruct the other factors from {N / a^N ^cj)^), and likewise for M. The 
isomorphism between the Tate modules follows from the observation that an element ixj)j^^/fz is 
(/)-invariant if and only if Xj+i = 4>{a*Xj) for all j and Xi = (j)^ {{a*y Xi). □ 

Remark. The advantage of the etale local -shtuka at Vi is that it is a free module over the integral 
domain Ay^^/ai = A„®^ ,L, and similarly for local u-^-isoshtuka. So the results from |An21 [Hal] IHa2t 
ILauj apply. 

Now let £ be an abelian r-sheaf and w G C an arbitrary place of Q. We define the local a-isoshtuka 
of ^ at V as 

:= ( J^O ^Ocr Q-",L 1 o To 



If u 7^ CO we define the local a-shtuka of T_ at v as 



Likewise if M is a pure Anderson motive over L and v G Spec A we define the local a -(iso-) shtuka of 
M at V as 

Mv{M) := M<S>Al^v,l respectively Ny{M) := M®AlQv,l- 

These local (iso-)shtuka all have rank r. The local shtuka are etale \l v ^ e. Note that iVoo(:^^) does 
not contain a local cr-shtuka if e 7^ oo, since then it is isoclinic of slope — wt(^) < 0. 

However, if u = 00 the periodicity condition allows to define a different local (iso-)shtuka at 00 
which is of slope > 0. Namely, choose a uniformizer z on C at 00 and set Mj := (^Oc^ ^00, L- Recall 
the integers k, I from Definition II. 5|/ 2 and set IJ := i7;-i o • • • o Uq. We define the big local a-shtuka of 

at 00 as 



Moo(Z) := Mo 



M, 



i-i 



with 



/o, 

To 

' 



■0 n-^oz^n-i ^ 




'Ti-2 



(3.1) 



We also define the big local a-isoshtuka of T_ at 00 as 

NooiB := Moo(Z) 



Q 



00, L 



Both have rank rl and depend on the choice of k, I and z. If e 7^ 00 then Moo(£) is etale. Note that 
Mooi£) and Nooi£) were used in |Halj to construct the uniformization at 00 of the moduli spaces of 
abelian r-sheaves. 

The big local (iso-)shtuka at 00, Moo[£) and Nao{£) are always equipped with the endomorphisms 



n :-- 



( 0::; 
^0 

' 



n~^oz 




\ -0 iI/-2 " 



/A -id 



, A(A) := 



Mo 



\ 



A« • idMi 



A"? • idAfi_i 



(3.2) 
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for all A G Fqi n L. They satisfy the relations iJ' = z'' and 77 o A(A'?) = A(A) o 77. We let Aoo be "the" 
central division algebra over Q^o of rank / with Hasse invariant — j, or explicitly 

Aoo := Fq!((z))[77]/(77' -z^ Az-zA, 77A'?- A77 for all A G Fqi). (3.3) 

If F^; C L we identify Aqo with a subalgebra of Endg ^[0] (:^oo(£)) by mapping A G F^; C Aqo to 
A(A). 

The following two results were proved in [BHlt Theorems 8.6 and 8.7]. 

Theorem 3.6. Let T_ and T[ he abelian r-sheaves of the same weight over a finite field L and let v be 
an arbitrary place of Q. 

1. Then there is a canonical isomorphism of Q^- vector spaces 

QRom{T,r) 0Q ^ HomQ^^[^] (iV4a,iY,(£')) • 

2. If V = oo choose an I which satisfies \1.5\/ 2 for both T_ and T[ and assume W^i C L. Then there is 
a canonical isomorphism of Qoc -vector spaces 

QHom(Z,£') Qoo ^ Hom^^g^^^[^](^oo(Z),^oo(Z')) • 

Theorem 3.7. Let M and M' be pure Anderson motives over a finite field L and let v G Spec A be an 
arbitrary maximal ideal. Then 

Hom(M, M') A, ^ Hom^„^^[^] (M„(M),M,(M')) . 

Let now the characteristic be finite and v = ehe the characteristic point. Consider a pure Anderson 
motive M of characteristic c, its local u-shtuka MeiM) = iM,4>) at £ and the decomposition of the 
later described before Proposition 13.51 

Me{M)= H MeiM) /a, MeiM). 

iez/fz 

From the morphism c : SpecL — > SpecF^ C C we see that C L, f = [F^ : Fq] and that there is a 
distinguished place vq of Cp^ above v = e oo, namely the image of c x c : SpecL — > C x SpecFg. 
Then ^ has no cokernel on Mp {M)l a,- ( M ) for i 7^ and the reasoning of Proposition 13.51 yields 

Proposition 3.8. The reduction modulo oq induces an equivalence of categories 

MeiM) ^ {M,{M)/aoMeiM), cpf) 

between the local a-shtuka at e associated with pure Anderson motives of characteristic c and the local 
-shtuka at vq associated with pure Anderson motives of characteristic c. The same is true for abelian 
T-sheaves. □ 

Remark. Now the fixed field of on L equals F^, the residue field of ^4^. Also (T)/ar\ Mp {T) 
is a module over the integral domain A^^t^^L. So again |An2l IHaH IHa2t ILau] apply to 

(M.(a/aoM,(a,(/'0- 

Proposition 3.9. Let M be a pure Anderson motive over L and let M j be a local -subshtuka 
of M p(M) I a^M p(M) of the same rank. Then there is a pure Anderson motive M' and an isogeny 
f : M' ^ M with Meif){Me{M')/aoMeiM')) = M'e- The same is true for abelian r-sheaves. 
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Proof. Extend M'e to the local a-subshtuka 0igz//z 0* (((t*)W^) of Me{M) and consider 

K := M,{M)/ 0*((ct*)^M;). 

The induced morphism i;^)^^ : a*K ^ K has its kernel and cokernel supported on the graph of c. 
Set M' = {M',t') := (ker(M K.),t\m')- Then M' is a pure Anderson motive with the required 
properties by [BHll Proposition 1.6]. □ 

There is a corresponding result at the places v ^ e which is stated in Proposition 14. 4i 



4 Tate Modules 

Definition 4.1. If T is an abelian T-sheaf over L, respectively M a pure Anderson motive over L and 
V £ C (respectively v G Spec A) is a place of Q different from the characteristic point e, we define 

nZ:=T^{My{r)) and := V^{M^{£)) for v ^ oo, 

T^T:=T^{M^{£)) and VooE-= VooiM^iD) for v = ^ ^ e, 

respectively T^M := Tv{Mv{M)) and VyAI ■= K,(M^(M)) . 

We call TyT_ (respectively Vv£_) the (rational) v-adic Tate module of T_. If v = oo they both depend on 
the choice of k,l, and z; see paae[lR 

By |TW1 Proposition 6.1], T„£ (and are free A^-modules (respectively Q^^-vector spaces) of 

rank r for v ^ oo and rl for v = oo, which carry a continuous G = Gal(L'''^P/L)-action. 

Also the Tate modules T^T_ and are always equipped with the endomorphisms 77 and A(A) 

for A E Fgi n 7y from (j3.2p . And if F^i C L we identify the algebra Aqo from (j3.3p with a subalgebra of 
EndQ^(FooZ) by mapping A G F^; to A(A). 

Remark. Our functor Ty is covariant. In the literature usually the A^j-dual of our TyM is called the 
f-adic Tate module of M. With that convention the Tate module functor is contravariant on Anderson 
motives but covariant on Drinfeld modules and Anderson's abelian t-modules |Anlj (which both give 
rise to Anderson motives). Similarly the classical Tate module functor on abelian varieties is covariant. 
We chose our non-standard convention here solely to avoid perpetual dualizations. This agrees also 
with the remark after Definition 12.61 that abelian r-sheaves behave dually to abelian varieties. 

The following analogues of the Tate conjecture for abelian varieties are due to Taguchi |Tag| and 
Tamagawa |Taml §2]. 

Theorem 4.2. Let M and M' be pure Anderson motives over a finitely generated field L and let 
G := Ga^L'^^P/L). Let e ^ v £ Spec A be a maximal ideal. Then the Tate conjecture holds: 

Rom{M,M')^AAy ^ iiomA4G]{TyM,TyM'). □ 

Theorem 4.3. (J BH1\ Theorem 9.9]) Let and ^ be abelian r-sheaves over a finitely generated field 
L and let G := Gal^L^^^ / L) . Let v £ C be a place different from the characteristic point e. 

1. If V ^ CO assume e ^ oo or wt(^) = wt(£'). Then 

QHom(£,r) ®Q Qy ^ HomQ„[G](K£, KZ') • 

2. If V = oo choose an integer I which satisfies \1.5]/ 2 for both T_ and £' and assume F^i C L. Then 

QHom(£,£') ®Q Qoo = HomA^[G](yoo£, Voo^) . 
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As expected, there is the following relation between Tate modules and isogenies. 
Proposition 4.4. ( fBHll Proposition 9.11]) 

1. Let f : M' M be an isogeny between pure Anderson motives then T^f{T^M') is a G-stable 
lattice in V^M contained in T„M . 

2. Conversely if M is a pure Anderson motive and Ay is a G-stable lattice in V^M contained in 
TyM, then there exists a pure Anderson motive M' and a separable isogeny f : M' M with 
%f{%M') = K. 

Proposition 4.5. Let T[ be an abelian factor T-sheaf of T_. Then V^T^ is a G-factor space of VvT_. 
The same holds if M' is a factor motive of a pure Anderson motive M . 

Proof. Let / G Hom(£, be surjective and let M and M' be the (big, if v = oo) local cr-shtuka 
of respectively at v. Then the induced morphism My{f) £ Hom(M,M') is surjective and 
M" := ker Mt,(/) is also a local cj-shtuka at v. We get an exact sequence of local cr-shtuka which we 
tensor with A^^iscp yielding 

> M" ^^,L-p > M ^^,,L-P M' Ay^L^cp > . 

The Tate module functor is left exact, because considering the morphism of ^^^Lscp -modules 

1 - r : M A,Ls<=p — > M Ay^i^^cp 

we have by definition T^M = ker(l — r), and the desired left exactness follows from the snake lemma. 
After tensoring with i^a^Qv we get 

> VyM" > VyM KM' . 

Counting the dimensions of these Q^^-vector spaces, we finally also get right exactness, as desired. □ 



5 The Frobenius Endomorphism 

Suppose that the characteristic is finite, that is, the characteristic point e is a closed point of G with 
finite residue field F^, and the map c : SpecL — > G factors through the finite field e = SpecF^. 

Definition 5.1 (s-Frobenius on abelian r-sheaves). LetT_ be an abelian t- sheaf with finite characteristic 
point e = SpecF^ and let s = be a power of the cardinality o/Fg. We define the s-Probenius on £ by 

7T := (vr,): (^*)'Z^Z[e], ■= Ti+^-i o ■ ■ ■ o {a*y-\ : {a^'fTi ^ Ti^e ■ 

Clearly ir is an isogeny. Observe that F^ C F^ implies that {cr*yT has the same characteristic as T_. 

Similarly if e G Spec ^ is a closed point we define 

Definition 5.2 (s-Frobenius on pure Anderson motives). Let M be a pure Anderson motive with finite 
characteristic point e = SpecF^ and let s = he a power of the cardinality of W^. We define the 
s-Frobenius isogeny on M by 

TT := T o . . . o {a*y-^T : {a*YM^M. 

Remark 5.3. Classically for (abelian) varieties X over a field K of characteristic p one defines the 
Frobenius morphism X — > (j)*X where (j) is the p-Frobenius on K. There p equals the cardinality of 
the "characteristic field" im(Z K) = Fp. In view of the dual behavior of abelian r-sheaves and pure 
Anderson motives our definition is a perfect analogue since here we consider the s-Frobenius for s being 
the cardinality of (a power of) the "characteristic field" im(c* : A ^ L) = F^. 
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Now we suppose L = to be a finite field with s = (e € N). Let denote a fixed algebraic 
closure of F^ and set G = GaI(Fs/Fs). It is topologically generated by Frobg : x i— > x*. The following 
results for the Frobenius endomorphism of r-modules can be found in Taguchi and Wan |TWl §6]. 

Proposition 5.4. Let M he a pure Anderson motive over Fs of rank r and let e ^ v G Spec^ be a 
maximal ideal. 

1. The generator Yy oh s of G acts on T^M like {Tyir)^^ . 

2. Let ^ : — > End/^^, (T^M) denote the continuous morphism of Ay -modules which is induced 
by the action of G on T^M. Then im^' = A„[T„7r]. 

Proof. 1 was proved in \TW\ Ch. 6] and 2 follows from the continuity of □ 

Remark. The inversion of T^vr in the first statement results from the dual definition of our Tate module. 

Proposition 5.5. Let T_ be an abelian r-sheaf over L = Fg with s = and let vr be its s-Frobenius. 
Then {cr*YT_ = T_. Let v £ C be a place different from oo and from the characteristic point e. 

1. The s-Frobenius vr can be considered as a quasi-isogeny of T_. 

2. The generator Frobs of G acts on TyT_ like (T^jTr)"-'^. 

3. The image of the continuous morphism of Qy -vector spaces Qy[G] EndQj,(T4£) is QviV^Tr]. 

4. il^(vr) coincides with the s-Frobenius on the pure Anderson motive M{T^ from definition \5.^ 

Proof. 1. Due to the periodicity condition, we have £[e] C T_{nk ■ 00) for a sufficiently large n G N, 
since J-'i+e C Ti+nl = J-i{nk- 00) for e < nl. Thus vr G Hom(£, ^(n/c- 00)), and therefore vr E QEnd(^). 
By EH we have vr G QIsog(£). 

2 and 3 again follow from [TWj Ch. 6] and the continuity of ^; see |BH21 Proposition 2.29] for more 
details. 

4 follows from the definition of vr and the commutation of the TI's and the r's. □ 



6 The Poincare-Weil Theorem 

In this section we study the analogue for pure Anderson motives and abelian r-sheaves of the Poincare- 
Weil theorem. Originally, this theorem states that every abelian variety is semisimple, that is, isogenous 
to a product of simple abelian varieties, see [Lanl Corollary of Theorem II. 1/6]. Unfortunately, we 
cannot expect a full analogue of this statement for abelian r-sheaves or pure Anderson motives as our 
next example illustrates. On the positive side we show that every abelian r-sheaf or pure Anderson 
motive over a finite field becomes semisimple after a finite base field extension. 

Example 6.1. Let C = f^^, C \ {00} = SpecFg[t] and C := c*{l/t) £ Fg"" . We construct an abelian 
r-sheaf £ over L = Fq with r = d = 2 which is not semisimple. Let 

A = 0?) + (:;f)-t 

with a, /3,7, 5 G Fg. To obtain characteristic c we need det A = (1 — C*)^; and thus we require the 
conditions a -\- 6 = —2( and a6 — /?7 = C^. We set J^i := Oci^{i • cxd)®^, we let TTj be the natural 
inclusion, and we let r^ := A. Then T_ is an abelian r-sheaf with r = d = 2 and k = I = \. The 
associated pure Anderson motive is M = (L[t]®^, A). 

We see that T_ is not simple. If A = (^7,'"* -I'll^t) then T_ is semisimple as a direct sum of two simple 
abelian r-sheaves. Otherwise, if A 7^ (^^''* i-ct) which is the case for example if /? 7^ 0, consider 

K—( ^ ^Y^-/^-a*( ^ ^\ - (^-^* * 
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and the abelian r-sheaf with J^i = Oci^{i • oo)®^ and fj = A which is isomorphic to T_. There is an 
exact sequence 

> £' Z £" > 

t' = 1-Ct f t" = 1-Ct 

with ^p : 1 1-^ (q) and ij) : {y)^y where = is the abehan r-sheaf with J^- = Oc^ii ■ oo) and 
T- = l — (^t. li T_ were semisimple, then there would be a quasi- morphism u : T_ with ?/^ou; = idjp", 

hence a; : y i-^ (^) • y for some e G Thus, a necessary condition for the semisimphcity of T_ is 

which is equivalent to the condition 



1-a 

But this cannot be true since e — cr*(e) = 0, thus T_ is noi semisimple. However, this last formula is 
satisfied if e = A • for A € F^g with A'' — A = — 1. That means that after field extension Fq(A) /Fg 
we get ^ ^ i^g^yg QEnd(£) = M2(QEnd(£')) = ^2(Q)- Note that this phenomenon 

generally appears, and we will state and prove it in Theorem 16. 151 

From now on we fix a place v G Spec^ which is different from the characteristic point e of c. 
For a morphism / G QHom(£, between two abelian r-sheaves T_ and we denote its image 
Vraf G Homg^jfj] (14^, just by If £ is defined over F^ this applies in particular to the 

s-Frobenius endomorphism vr of £ (Definition IS.ip . 

Let T_ be an abelian r-sheaf over the finite field L = F^. We set 

E := QEnd(Z) 3 TT := Endg^IG] 3 vr„ 

F := Q[7t] cE F,:= im(Q,[G] ^ EndQ„(KZ)) ' 

with ^ EndQ^(y^£) induced by the action of G on V^^. Clearly, we have F C E and Fy C Ey 

by Proposition l5.5|/ 3. By |BHll Proposition 9.4], we know that dimg ii^ < oo. Thus vr is algebraic 
over Q. We denote its minimal polynomial by fij^ G Q[x], and the characteristic polynomial of the 
endomorphism iTy of VyT by Xv ^ Qv[x]- If e / oo. Theorem 11.31 shows that vr is integral over A, 
Utt G A[x]. The zeroes of tt in Specyl[7r] all lie above e because vr is an isomorphism locally at all v ^ e; 
compare with [BHTI Remark 5.5]. 

Due to the Tate conjecture, our situation can be represented by the following diagram where we 
want to fit the missing bottom right arrow with an isomorphism. 



E ^ E Qy E, 



V 



F ^ F(^QQy--^Fy. 

Lemma 6.2. The natural morphism between F ®q Qy and Fy is an isomorphism. 

Proof. Consider the isomorphism ■(/; : E (^q Qy = Ey C EndQ^(T4£) and set if := V'If^qQi,- Then is 
injective and maps into Fy. Since inup = Qy[Try], the surjectivity follows from Proposition 15.51 □ 

To evaluate the dimension of E we need the following notation. 

Definition 6.3. Let K he a field. Let f,g & K[x] be two polynomials and let 

f = n ^"'^'^^ 9 = n /^"^'^^ 

Ate-fS'[a;] ^l^K[x] 
irred. irred. 
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be their respective factorizations in powers of irreducible polynomials. Then we define the integer 



irred. 

Remark. In contrast to characteristic zero, we have for char(i^) 7^ in general different values of the 
integer r^ for different ground fields K. Namely, \i K <Z L then rx{f,g) < fLifid) with equality if 
and only if all irreducible fj, G ^[2;] which are contained both in / and in g have no multiple factors 
in L[a;]. This is satisfied for example if the greatest common divisor of / and g has only separable 
irreducible factors, or if L is separable over K. See 19.41 below for an example where r^if^g) < fLifjg). 

Before we discuss semisimplicity criteria in l6.8l - [6.16| let us compute the dimension of QHom(£, ^'). 

Lemma 6.4. Let v be a place of Q different from e and 00. Let T_ and he abelian t -sheaves over ¥3 
and assume that ir^ and n'^ are semisimple. Factor their characteristic polynomials Xv = /^i*^ • . . . • /i™" 

andx'v = fJ'^^ ■■ ■ ■■fMi" with distinct monic irreducible polynomials fii, fin G andmi,m^ E Nq. 

Then 



1. HomQ^fGjlK^^^'KZ') = ^Mm[xm,{Qv[x\/{l^i)) as Q^-vector spaccs, 



i=l 



2. EndQ^[G](KZ) - ^^-^m, (Qi,N/(/^i)) as Q^- algebras, and 



3. dimQ„HomQ„[G](K£, KZ') = rQ^{xv,^v) ■ 

Proof. Clearly 2 and 3 are consequences of 1 which we now prove. Since tt^ and vr^ are semisimple, we 
have the following decomposition of [G]-modules 

n n 
i=l 1=1 

where Qv[x]/{fii) =: Ki are fields. Obviously, we only have non-zero [G]-morphisms Ki — > Kj if 
i = j, since otherwise /Uj(7r) 7^ in Kj. Since tt^ operates on K®"^^ as multiplication by the scalar x, 
the lemma follows. □ 

Theorem 6.5. Let T_ and T[ be abelian r-sheaves of the same weight over Wg and assume that the 
endomorphisms vr^ and 7r[, of VyT_ and K>£' are semisimple at a place v ^ e,co of Q. Let Xv and x'v 
be their characteristic polynomials. Then 

dimQQHom(^,£') = rQ^{xv,x'v)- 

Proof. This follows from the lemma and the Tate conjecture. Theorem 14.31 □ 

Corollary 6.6. Let T_ be an abelian r-sheaf of rank r over with Frobenius endomorphism vr and let 
fi-^ be the minimal polynomial o/vr. Assume that F = Q[x]/{fj,Tr) is afield and set h := [F : Q] = deg^jr- 
Then 

2 2 

1. h\r and dimg QEnd(^) = ^ and dimp QEnd(£) = j^. 

2. For any place v of Q different from e and 00 we have QEnd(£) (gig = Mj./h{F (8)q Q^) and 
Xv = {i^-kY^^ independent of v. 

Proof. Since F is a field, vr^ is semisimple by 16.81 below. So general facts of linear algebra imply that 
/^TT = Ml • • • • • Ain with pairwise different irreducible monic polynomials /Uj G Qy [x\ and Xv = A*]"^ • • • • • 
with mj > 1. We set Ki = Qv[x\/{fii) and use the notation from (j6.ip . By Lemma WM the semisimple 
Qti-algebra decomposes E^ = 0"=i -E^i into the simple constituents Ei = Mm^{Ki). By [Bou^ 
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Theoreme 5.3/1 and Proposition 5.4/12], Ei = E^ ■ a where ej are the central idempotents with 
Ki = ■ ei. Thus there are epimorphisms of i^j-vector spaces 

QEnd(Z) C^pKi = Ey(g)F,K, — » Ei . 

This shows that m? < dimp E. So by Lemma 16.41 

n 

[F -.Q]- dimp E = dimQ„ E^ = ^ mf deg /ij < 

i=l 

n 

< dimp E ■ deg = dimp E ■ deg = [F : Q] ■ dvcap E . 

i=l 

Therefore m? = dimirE' for all i. Since r = degXv = X^j^^ideg/ij = Vdimi? E ■ [F : Q]. We find 

2 

r = rriih and dim^? E = j^, proving 1. For 2 we use that 

E, ^ ^ M,/h{Qv[x]/(,fii)) = Mr/h{^Qv[x]/{fii)) = Mr/h{Qv[x]/{l^^)) . 

i i 

□ 

Next we investigate when vr^ is semisimple. 

Remark 6.7. Notice that the completion is separable over Q. Namely, in terms of [ EGA! IV.7.8.1- 
3] , we can state that Oc,v is an excellent ring. Thus the formal fibers of Oc,v — > Oc,v and therefore 
= Oc,v®Oc vQ — ^ Q geometrically regular. This means that (^q K is regular for every finite 
field extension K over Q. Since "regular" implies "reduced", we conclude that Qy is separable over Q. 

Proposition 6.8. In the notation of h6.1\) the following statements are equivalent: 

1. IT is semisimple. 

2. F is semisimple. 

3. F ®Q = F^ is semisimple. 
4- vr„ is semisimple. 

5. E <^Q Qy = Ey is semisimple. 

6. E is semisimple. 

Proof. 1. and 2. are equivalent by definition. So we show the equivalences from 2. to 6. 

Let F be semisimple. Since Qy is separable over Q, we conclude that F^qQy = Qi. [ 71"^, ] is semisimple 
by [Bout Corollaire 7.6/4]. Hence vr^ is semisimple by definition, and we showed in Lemma l6.4|/ 2 that 
then Ey = E ®q Qy is semisimple. Again by [Bou] Corollaire 7.6/4] this implies that E is semisimple. 
Since F C Z{E) is a finite dimensional Q-subalgebra of the center of E, we conclude by [Bou| Corollaire 
de Proposition 6.4/9] that F is semisimple, and our proof is complete. □ 

Remark. If more generally T_ is defined over a finitely generated field, then one cannot consider vr, vr^, 
nor F. Nevertheless 5 and 6 remain equivalent and are still implied by 3 due to the following well-known 
lemma. Namely Ey is the commutant of Fy in EndQ„(V^^). We thank O. Gabber for mentioning this 
fact to us and we include its proof for lack of reference. 

Lemma 6.9. Let B he a central simple algebra of finite dimension over a field K and let F he a 
semisimple K-suhalgehra of B. Then the commutant of F in B is semisimple. 

Proof. Let F = Fi be the decomposition into simple constituents and let ei be the corresponding 
central idempotents, that is, Fi = Fei. Consider Bi = eiBci which is again central simple over K by 
[Bout Corollaire 6.4/4], since if / C -Bi is a non-zero two sided ideal then BIB contains 1 and so / 
contains the unit of Bi. By [Bouj Theoreme 10.2/2] the commutant Ei of Fi in Bi is simple. Clearly 
the commutant E of F in B satisfies Ei = eiEei = Eei and E = Ei proving the lemma. □ 



6 THE POINCARE-WEIL THEOREM 



18 



Corollary 6.10. Let T_ he an abelian T-sheaf over ¥s of rank r with semisimple Frobenius endomor- 
phism TT. Then the algebra F = Q{tt) is the center of the semisimple algebra E = QEnd(^). 

Proof. Since Fy is semisimple, we know by |Boul Proposition 5.1/1] that the F^-module VvT_ is semi- 
simple. The commutant of F^ in Endg^ is E^ by definition. Trivially VvT_ is of finite type over 
Ey. Thus, by the theorem of bicommutation [Bou> Corollaire 4.2/1], the commutant of E^ in End(T4£) 
is again F^. We conclude Z(E^) = E^CiFy = Fy and we have F^qQ^ = F^ = Z{E^) = Z{E)(SiqQv by 
[Boui Corollaire de Proposition 1.2/3]. Considering the dimensions, we obtain dimg F = dimg Z{E). 
Since F C Z{E) and the dimensions are finite, we finish hy F = Z{E). □ 

Theorem 6.11. Let T_ be an abelian T-sheaf over a finite field L. 

1. If QEnd(£) is a division algebra over Q then T_ is simple. If in addition e ^ oo then both 
statements are equivalent. 

2. If the characteristic point e is different from oo then T_ is semisimple if and only if QEnd(£) is 
semisimple. 

Proof. 1. Let QEnd(^) = E he a division algebra and let / G Hom(£, be the morphism 
onto a non-zero factor sheaf ^ of We show that / is an isomorphism. We know by 14.51 that 
fy G HomQ^[c](V„£, K,^') is surjective. By the semisimplicity of E and Proposition 16.81 Fy is semi- 
simple, and therefore Vy^ is a finitely generated semisimple i^^-module. Thus we get a morphism 
gy £ i^omQ^^Q^iVy^ ,Vy^) with fyO gy = idy^jn. Consider the integral Tate modules TyT_ and T„£'. 
We can find some n G N such that 

GHom^^[G](T,£',T,a = Hom(M(£'),M(Z)) ®A 

and we choose g G Hom(M(^'), M(£)) C QHom(£',£) with g = v^gy modulo for a sufficiently 
large m > n. li g o f = in E, then f o g o f = 0, and therefore / o = in QEnd(^') due to the 
surjectivity of /. This would imply 

V^'-idv^^' = V^'ifyogy) = fyo{v'^gy) = fog = (modulo v'") 

which is a contradiction. Thus 5 o / ^ is invertible in E, and therefore / is injective. By that, / gives 
the desired isomorphism between ^ and The second assertion follows from Theorem 12.71 
2. We already saw one direction in Theorem 12. 7| /2. So let now QEnd(£) be semisimple and let 

m 

QEndir) = ^ Mx^{E,) 
i=i 

be the decomposition into full matrix algebras M\.{Ej) over division algebras Ej over Q {1 < j < m). 
For each j we find Xj distinct idempotents ej^i, . . . , ej^x^ G Mx. {Ej) such that ej^a • QEnd(£) • ej^a = Ej 

for all 1 < a < Xj with X^^Li = 1 in Mx^^Ej). Let ei,...,en denote all these idempotents, 
n = X^Jli Xj, and choose a divisor D on C such that Cj G Hom(£, £(Z))) for all 1 < i < n. Then 
^^^^ Ci = id^ in QEnd(^) and therefore 

i=l 

The image £j := ime^ is an abelian r-sheaf by |BH1[ Proposition 4.2] because e 7^ 00. Since Y^^ei is 
injective it is an isogeny bv l2.1i Since QEnd(£j) = • QEnd(£) • Cj is a division algebra, is a simple 
abelian r-sheaf by 1. Thus £ ^ T_x ® • • • © gives the decomposition into a direct sum of simple 
abelian r-sheaves T_i as desired. □ 
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Remark 6.12. Unfortunately the theorem fails if L is not finite, as Example 16.131 below shows. The 
reason is, that then Ey may still be semisimple while the image Fy of Qi.[G] in EndQ^(l^£) is not. 
Nevertheless, if one adds the assumption that Fy is semisimple, the assertions of Theorem 16.111 remain 
valid over an arbitrary field L. (See also the remark after Proposition 16.81 ) 



Example 6.13. We construct a pure Anderson motive M over a non-finite field L which is not semi- 
simple, but has End(M) = A. Any associated abelian r-sheaf £ has QEnd(^) = Q. Let C = Pp^, 
A = ¥q[t] with q > 2, and L = ¥q{a) where a is transcendental over F^. Let M = A®"^ and r = *). 
Then M = (M, r) is a pure Anderson motive of rank and dimension 2. Clearly M is not simple, since 
M ' = {Al,t' = t) is a factor motive by projecting onto the second coordinate. We will see below that 
M is not even semisimple. 

Let G M2{Ax^) be an endomorphism of M, that is, 

aa*e + a*g aa*f + a*h\ _ / ae e + f 
a*g a*h J \oig g + h 

Choose f3 £ Fg(a)^'g \ ¥g{a) satisfying (3i-^ = a (for (3 ^¥g (a) we use q > 2). Then a*g = ag implies 
g £ P-¥q[t]. Since also g G Fg(a)[t] we must have g = 0- Now a*e = e and a*h = h yielding e, /i G ¥g[t]. 

Let 7 G Fg(a)'^iS\Fg(/3) with 7^-7 = and set / := I3f--/-{e-h). Then aa*f-f = e-a*h = e-h 
implies a*f-f = - pf - (7^ - -f){e - h) = p{aa*f - f - [e - h)) = 0. Thus / G Fjt] and 

7 • (e — /i) G Fq(/9)[t]. So we must have e = h and then (3f = f £ ¥g[t] implies / = 0. This shows that 
End(M) = ¥q[t] = A. 

The same argument shows that M is not even semisimple. Namely, the projection M M' has no 
section M' — > M, 1 1-^ ({) , since there is no solution / for the equation ata* f + t = tf. 

It is also not hard to compute Fy for instance at the place v = {t — 1). Let z = t — 1 and (3 G L^^"^ 
with = a, and consider the basis {^{f ), (^) of the Tate module Ty(M) with 



yj ^ \y^J 



They are subject to the equations y = ta*y = (1 + z)a*y and x = ata*x + ta*y = a{l + z)a*x + y, 
that is, 

Vi - Vi = Vi-i ' and 
Xi - axl = axf_^ + yi . 

There are elements 7 and 6 of G = Gal{L^^^ / L) operating as 7(2/1) = yi, 7(xj) = Xj, 7(/9) = (3/7] for an 
T] G ¥q^ \ {1}, respectively as 6{yi) = yi, 6{(3) = (3, d{xi) = Xi + yi/ (3. With respect to our basis of 
Ty{M) they correspond to matrices 7^ = (J] and 5y = (J i)- We conclude that F^, is the Qi^-algebra 
of upper triangular matrices. Its commutant in M2{Qv) equals Qy ■ Id2 = End(M) ®a Qv 



Remark. If q = 2 any pure Anderson motive of rank rkM = 2 on j4 = Fg[t], which is not semisimple has 

P{t-eY 



End(M) 2 A. One easily sees this by choosing a basis of M for which r has the form ^ 



with a, f3,9 G L. Then ( ? ^l" ) is an endomorphism. 





However, we expect that also for q = 2 there are examples similar to 16.131 (of rkM > 3), although 
we have not tried to find one. 

Let £ be an abelian r-sheaf over and let F^/ /F^ be a finite field extension. The base extension 

Z ¥s' := {T^ ®Oc^ OCf,, ,ni®l,Ti® 1) 
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is an abelian r-sheaf over F<j/ with vr' = (vr 1)* for s' = s*, and we have a canonical isomorphism 
between and 

For the next result recall that an endomorphism ip of a finite dimensional vector space V over a 
field K is called absolutely semisimple if for every field extension K' /K the endomorphism 99 (8) 1 G 
EjndK'iV ®K K') is semisimple. The following characterization is taken from [Bou, Proposition 9.2/4 
and Proposition 9.2/5]. 

Lemma 6.14. Let K he a field and let V he a finite dimensional K -vector space. Let ip G Endx(^) 
he an endomorphism. 

1. ip is ahsolutely semisimple, if and only if there exists a perfect field extension K'/K such that 
(p <^ 1 £ Endi^'(y f^iK K') is semisimple. 

2. ip is ahsolutely semisimple, if and only if its minimal polynomial is separahle. 



Theorem 6.15. Let T_ he an abelian t -sheaf over the finite field F^. Then there exists a finite field 
extension F^' /F^ whose degree is a power of char F<j such that T_ C^f^ F.,/ has an ahsolutely semisimple 
Frohenius endomorphism. Thus if moreover e ^ 00 then £ F^/ is semisimple. 

Remark. It suffices to take [F^/ : F^] as the smallest power of charF^ which is > rk£. 

Proof. Let s' = s* for some arbitrary t gN. Let := £CS>Fs ^s' be the abelian r-sheaf over ¥gi induced 
by Let v G Spec A be a place different from e. Over Qv'^^^ we can write vr^, G EndQ„(T4£) in Jordan 
normal form 

/ Al * \ 

A2 ■•• 

* 

V Xr J 

^ 1^ j < r. Thus, by a suitable choice of t G N as a power 
that vr^ = (vr^ 1)* is of the form 

A* \ 

A* 

A* / 

Since Qt,^'^ is perfect, we conclude by I6.14|/ l that 7r(, and thus vr' is absolutely semisimple. □ 

The following corollary illustrates that, in contrast to endomorphisms of vector spaces, there is no 
need of the term "absolutely semisimple" for abelian r-sheaves or pure Anderson motives over finite 
fields. 

Corollary 6.16. Let T_ be an abelian r-sheaf over F^ of characteristic different from 00. If ^ is 
semisimple, then ^^Fs ^s' is semisimple for every finite field extension F^'/F^. The same is true for 
pure Anderson motives. 

Proof. Let £ be semisimple and let F^'/F^ be a finite field extension with s' = s*. We set ^ := 
^ ®Fs ^s'- Bv 16.111 and 16. 8^ we know that QEnd(£) (8>q Qv = EndQ^[7r„](K)£) is semisimple. Since 
(5^[7r* ] C <5^[7r^] we conclude by [Bout Corollaire de Proposition 6.4/9] that Qj;[7r* ] is semisimple, as 
well. As 14^' = Vu^, we have tt'^ = T^i, and therefore tt^ is semisimple. Thus, bv 16.81 QEnd(^') is 
semisimple and is semisimple bv 16.11^ 2. □ 



B-^ (vr^ 1)5 



for B G GLriQv^^^) and for some Xj G Q^^'^, 
of charFo (as in the remark), we can achieve 



5-1 vr; 5 = 
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7 Zeta Functions and Reduced Norms 

In this section we generalize Gekeler's results |Gekj on Zeta functions for Drinfeld modules to pure 
Anderson motives. But let us begin by recalling a few facts about reduced norms; see for instance 
[Rei[ §9]. Let M be a semisimple pure Anderson motive over a finite field and let vr be its Frobenius 
endomorphism. Then F = Q{ti) is the center of the semisimple algebra E by Corollary 16.101 Write 
F = Fi and E = Ei where the Fi are fields and Ei is central simple over Fi . Note that 
by 16.111 the pure Anderson motive M decomposes correspondingly up to isogeny M ~ ^ • Mi with 
Ei = End(Mi) (g)A Q- We apply EH to Mi and obtain Y^i[Ei : Fj]^/^ . ^p. Q] = r. Let f £ E and write 
it as / = fi with fi G Ei. Choose for each i a splitting field Ki of Ei with : Ei^PiKi — > M^iKi) 
where nf = [Ei : Fi]. The reduced norm of f is then defined by 

N{f) := nrE/Qif) := H N / q {det a,if, <E> 1)) , 

i 

where Np.jq is the usual field norm. The reduced norm is an element of Q which is independent of the 
choices of Ki and Oj. It satisfies N{a) = al" for all a £ Q, and N{f) 7^ if and only if / G E^ , that is, / 
is a quasi-isogeny. If / G End(M) or more generally / is contained in a finite ^-algebra then A^(/) G A 
since A is normal. 

Theorem 7.1. Let T_ he a semisimple abelian T-sheaf over a finite field L and let f G QEnd(£) be 
a quasi-isogeny. Then for any place v ^ e, 00 of Q we have N{f) = det Vyf, the determinant of the 
endomorphism V^f G EndQ^(T4^). For v = 00 ^ e we have N{fy = detV^/, where I comes from 
Definition \4-l\ and satisfies dimg,^ Voo£ = I ■ rkT. 

Proof. Clearly, if t is a power of q then N(f^) = det V^f^ implies A'"(/) = det V^f since 1 is the only 
t-th root of unity in for v ^ 00, and likewise for v = 00. Writing Vyf in Jordan canonical form over 
Qv^^ we find as in the proof of Theorem 16. 151 a power t of q such that Vyf* is absolutely semisimple over 
Qy and hence its minimal polynomial is separable bv 16.141 Then Fy{f*) and F{f*) are semisimple by 
[Bout Proposition 9.1/1 and Corollaire 7.7/4]. We now replace / by /* and thus assume that F{f) is 
semisimple. 

As is well known there is a semisimple commutative subalgebra H = Hi of E containing 
F(f) with dim Fi Hi = m and hence dimq H = r. Then nr^/Qif) equals the determinant of the 
Q-endomorphism f : x ^ fx oi H. The reason for this is that Hi <^f- Ki is still semisimple and com- 
mutative if we choose a splitting field Ki which is separable over Fi. By Lemma 17.21 below Hi f^p- Ki 
is isomorphic to K"' as left Hi ^p. Kj-modules, and this implies that nrEi/Fiifi) = detaj(/j) = det fi, 
the determinant of the -endomorphism fi'.x^ fiX of Hi, and N{f) = det f the determinant of the 
Q-endomorphism f of H. 

If f / 00 then again by Lemma 17121 Hy is i/t^isomorphic to Vy^ and A^(/) = det / = det Vyf. 

If V = 00 we embed E®^ into Endg^^f^j (iVoo(£)) . Namely, if (/W, /('-!)) g E®\ where 




"^'^ if < j < i < / - 1 

o if < i < i < / - 1 



Then gij : Tj ®Oc^ Qoo,L — > ®Oc^ Qoa,L and a straightforward computation shows that the ho- 
momorphism g = {gij)i.j=o...i-i commutes with from (|3.1|) on page [TUl that is, g is an element of 
EndQ^^[<^](iVoo(Z)) = EndQ^[G](VooZ); use Proposition [331 Now we apply Lemma O to H®} C 
S®' C EndQ^(FooZ), and we compute NifY = (det/)' = detg^ {H®' ^ H®', h^fh)= detV^of as 
desired. □ 

Lemma 7.2. Let K be a field and let H C Mn{K) be a semisimple commutative K -algebra with 
dim.K H = n. Then as a (left) module over itself H is isomorphic to K^ . 
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Proof. Decomposing H into a direct sum of fields and into a direct sum V\ of simple 

-ff -modules, each Vx is isomorphic to an L^(^xy The injectivity of if — > Mn{K) and dim^^ H = n imply 
that is isomorphic to ^;)^ End/^^j^j (Vx) and a fortiori isomorphic as left module over itself to K^. □ 

Theorem 7.3. Let M be a semisimple pure Anderson motive of rank r over a finite field L and let 
f e End(M) he an isogeny. Then 

1. dim/, coker N[f) = r ■ dim/, coker /. 

2. The ideal deg(/) = N{f) ■ A is principal and has a canonical generator. 

3. There exists a canonical dual isogeny f^ £ End(M) satisfying / o = N{f) = o /• 

Remark. 1. This shows that N{1 — tt^) £ A is the analogue for pure Anderson motives of the number 
of rational points X{¥qn) = deg(l — Frobg) G Z on an abelian variety X over the finite field F^; see 
also Theorem 17.71 below. 

2. The dual isogeny satisfies (fg) = g^ f^ , because N{fg) = N{f)N{g). Note however, that we 
cannot expect that {f + gY = f^ + g^ unless r = 2 because for / = a G A we have N{a) = and 
= a^~K 

Proof. 1. Clearly for any a G ^ we have dim/, M/aM = r-dim^g ^/(o) = —r-oo{a) where oo(a) denotes 
the cxD-adic valuation of a. Now let £ be an abelian r-sheaf with M = M(£), and let / : ^ ^ ^(n • oo) 
for some n be the isogeny induced by /. Using Theorem 17. II we compute the dimension 

/ • dim/, coker / = nrl - dim/, (jT,- (n • oo) //,• {Tj ) ) ^ 

= nrl - dim/, {T{n ■ oo)) /MM {Moo (£)) 
= nrl - dimF, {TooEin ■ co)/Toof{Too£)) 
= -oo(detVoo/) = -/•oo(Ar(/)). 

Here the first equality follows from the identities J^j{n • oo)/ fj{!Fj) = {J^j{n ■ oo) / fj{Tj)) ^ © coker/ 
and dim/,(^j(n • oo) / fj{J^j)) = degj^j{n ■ oo) — degfj{Tj) = nr. The second equality is the definition 

of Moo, and the third follows from the isomorphism M^{^) l ^oo,ls<=p — Tqo^'X'Aoo ^oo,l=<=p- The 
fourth equality follows from the elementary divisor theorem. Prom this we obtain 1. 

2. Let V ^ £ he a maximal ideal of A. Using Theorem 17. II we compute the ?;-adic valuation of A^(/) 

v{N{f)) = v{detnf) = dimF,(r,M/r„/(r,M)) = dimF„ ((coker /),®iL^<^P)" = v{degf). 

Again the second equality follows from the elementary divisor theorem, the third equality comes from 
the fact that the r-invariants of the v-primary part (coker f)v®LL^^^ are isomorphic to T„M/T, f(T,M), 
and the last equality is the definition of deg/. From 1 and Lemma [2.91 we obtain 

r • dimp^j ^/ deg(/) = r • dim/, coker / = dim/, coker A^(/) 

= dimi((A/iV(/))'-®F^L) = r-dimF,^M/). 

From the identity dimp. A/a = J2vW^ ■ ' ^l*^) ideal a C A we conclude e(deg/) = £{N{f)) 

and therefore deg(/) = N{f) ■ A. 

Finally 3 is immediate since A^(/) annihilates coker / by Proposition 12.101 □ 

Remark 7.4. We do not know of a proof of 1 and 2 for arbitrary pure Anderson motives which does 
not make use of the associated abelian r-sheaf In the special case when M comes from a Drinfeld 
module, Gekeler [Gekl, Lemma 3.1] argued that both sides of the equation in 2 are extensions to E of 
the oo-adic valuation on Q. But this argument fails in general, since there may be more than one such 
extension as one sees from Example 19.51 below. 
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Corollary 7.5. Let M be a semisimple pure Anderson motive of dimension d over a finite field L and 
let vr he its Frobenius endomorphism. Let v ^ e be a maximal ideal of A and let Xv be the characteristic 
polynomial of TTy. Then 

L Xv & A[x] is independent of v and Xv{ci) ■ A = detVv{a — n) ■ A = deg(a — vr) for every a £ A, 
2. e"^'^^'-^^^ = deg(7r) = Xv{0) • A = N{7i:) ■ A is principal. 

Proof. 1 is a direct consequence of Theorems 17.11 and 17.31 and the Lagrange interpolation theorem 
applied to the fact that Xvio-) = N{a — vr) = Xw{ci) S A for all a £ A. 

2 follows from the fact that cokervr is supported on e and from the equation dimicokervr = [L : 
¥q] ■ diuiL coker T = d-[L:¥q]. □ 



Definition 7.6. We define the Zeta function of a pure Anderson motive M over a finite field ¥s as 

let[L -t/\- TTy)'^ " 

0<i<r 



:= n det(l-t A*7r^)(-i)^ 



where e / u G Specvl is a maximal ideal and A*7r„ G Endg,, (A*KM)• 
By[73]/l the Zeta function ZM{t) is independent of the place v and lies in Q{t). This also follows 
from work of Bockle |Boe) and Gardeyn [Garl §7]. The name "Zeta function" is justified by the following 
theorem (see also the remark after Theorem 17.31). 



Theorem 7.7. If M is semisimple and ^^Oit^ is the power series expansion of t-^log ZM{t) , then 
ai = N{l-7r') e A. ~ 

Proof. By standard arguments = det(l — vr*); see |Gekl Lemma 5.6]. Now our assertion follows from 
Theorem O □ 

This Zeta function satisfies the Riemann hypothesis: 

Theorem 7.8. In an algebraic closure ofQoo all eigenvalues o/ A*vr^ G EndQ^(A*VyM) have the same 
absolute value (#Fs)'^*(^). 

Proof. This was proved by Goss |Gost Theorem 5.6.10] for i = 1 and follows for the remaining i by 
general arguments of linear algebra. □ 



8 A Quasi-Isogeny Criterion 

Similarly to the theory for abelian varieties, the characteristic polynomials of the Frobenius endomor- 
phisms on the associated Tate modules play an important role for the study of abelian r-sheaves. For 
example, we can decide on quasi-isogeny of two abelian r-sheaves £ and just by considering these 
characteristic polynomials. 

Theorem 8.1. Let T_ and T[ be abelian T-sheaves over with respective Frobenius endomorphisms 
vr and vr', and let /Utt and fi-j^' be their minimal polynomials over Q. Let v £ C be a place different 
from CO and e. Let Xv o-nd x'v characteristic polynomials of vr^ and vr(,, respectively, and let 

G := G&\{L^^^ / L) . Assume in addition that e / oo, or that T_ and have the same weight. 

1. Consider the following statements: 

1.1. T[ is quasi-isogenous to an abelian factor T-sheaf of T_. 

1.2. is G -isomorphic to a G -factor space of 

1.3. x'v divides Xv in Qtj[x]. 
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1.4- fJ-Tv' divides fij^ in Q[x] and rk£' < rk£ 

We have 1.1 ^ 1.2 ^ 1.3 and I.4 always, 

1.2 ^ 1.3 if T^v and ti'^ are semisimple, 

1.2 <^ 1.3 <^ 1.4 if IL-TT is irreducible in Q[x], 

1.1 <^ 1.2 if the characteristic is different from 00. 
2. Consider the following statements: 

2.1. T_ and are quasi-isogenous. 

2.2. VyT_ and are G -isomorphic. 

2.3. Xv = ^v 

2.4- fJ-TT = f^w' o,nd rk^ = rk^'. 

2.5. There is an isomorphism of Q- algebras QEnd(£) = QEnd(£') mapping vr to tt' . 

2.6. There is a -isomorphism QEnd(^) (gig Qy = QEnd(^') ®q Qy mapping -Ky to vr^. 

2.7. If £ ^ CO also consider the statement ^M(:r) = Z^^jny 

We have 2.1 <^ 2.2 ^ 2.3 , 2.4 , 2.5 always, 

2.5 ^ 2.6 always, 
2.3 4^ 2.7 if the characteristic is different from 00, 

2.2 ^ 2.3 <^ 2.6 if TTy and iTy are semisimple, 

2.2 <^ 2.3 <^ 2.4 2.6 if fJ-TT and fi^^' are irreducible in Q[x]. 

Proof. 1. For the implication 1.1 ^ 1.2 without loss of generality, ^ can itself be considered as abelian 
factor r-sheaf of ^ and the implication follows from Proposition 14. 5i The implication 1.2 =^ 1.3 is 
obvious. 

For 1.2 ^ 1.4 note that is also the minimal polynomial of TTy over Qy by Lemma 16.21 By 
Proposition 15.51 statement 1.2 implies /^^(tt^) = 0, whence 1.4. 

For 1.3 =^ 1.2 let TTy and 7r(, be semisimple. Let Xv = Mi " • • • " /"n and x'y = l^'i ' ■ ■ ■ ' A'n' be the 
factorization in Qv[x] into irreducible factors and set Vi := Qy[x]/{fii) and V- := Qy[x]/{fj,[). Then we 
can decompose Vy^ = Vi © • • • © and Vy^ = © • • • © V^, . Since x'y divides Xv , we can now easily 
construct a surjective G-morphism from Vy^ onto Vy^' which gives the desired result. 

Next if /Xjr is irreducible, 1.4 implies ^u^/ = /Xtt and 1.3 follows from Corollarv 16.61 It further follows 
from Proposition 16.81 that TTy and tt^ are semisimple and this implies 1.2 by the above. 

For 1.2 =^ 1.1 we first do not assume that e ^ 00. Let fy : VyT_ — > YyT^ be a surjective morphism 
of Q^[G]-modules. We may multiply fy by a suitable power of v to get a morphism fy : TyT_ Ty^ 
of the integral Tate modules which is not necessarily surjective, but satisfies v'^Ty^ C fy(Ty^) for 
a sufficiently large n. Let M := {T{Cl \ {00}, .Fq), IIq^ o r). This is a "r-module on A" in the 
sense of |BHH Definition 3.2]. If e 7^ 00 then M is the pure Anderson motive M(T) associated with 
F in dLH). Also let M' := {T{Cl \ {cx)},J^^), iT^-i o r'). By [BHTl Theorem 9.8] (or Theorem O 
if e / 00), lies inside Hom(M,M') ©a A y, so we can approximate fy by some / E Homfikf, M') 
with Ty{f) = fy modulo v^'+'^TyM'. Since v'^TyM' C fy{TyM) we find inside imr^(/) generators 
of v'^TyM' /v^^^TyM' . They generate an A^j-submodule of v^TyM' whose rank must at least be r' 
since vT^M'/w^+^T^M' = {Ay/vAyY' . Thus imr^(/) has rank r' . Either by assumption or by [BHl] 
Corollary 3.5] if e 7^ 00, both ^ and have the same weight. So by [BHll Proposition 6.10/1], / comes 
from a quasi-morphism / G QIIom(£, £'), that is, a morphism f : T —>■ for a suitable divisor 

D. Now we finally assume that the characteristic is different from 00. By [BHU Proposition 4.2], the 
image im(/ : ^ — > £'(-D)) is an abelian factor r-sheaf of ^ and im/ ^ is an injective morphism 

between abelian r-sheaves of the same rank and weight, hence an isogeny by Proposition 12.11 

2. A large part of 2 follows from 1. We prove the rest. To show 2.2 =^ 2.1 without the hypothesis on 
the characteristic, we just replace the last argument of the proof of 1.2 ^ 1.1 by the following: Since 
r = dimg^ Vy^ = dimg^ Vy^ = r', the morphism / : £ — > ^{D) is an injective morphism between 
abelian r-sheaves of the same rank and weight, hence an isogeny by Proposition 12. 1[ 
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For the implication 2.1 =^ 2.5 let g £ QIsog(£,£')- Then the map QEnd(£) QEnd(£') sending 
/ I— > gfg~^ is an isomorphism with vr' = g-Kg~^. The implication 2.5 =^ 2.6 is obvious. 

For the implication 2.3 =^ 2.7 note that knowledge of Xv yields the knowledge of det(l — t A* vTt,) and 
thus of Zjy^jr^ by linear algebra. Conversely we know from Theorem 1 7 . 8 1 that all zeroes of det(l — t A*7r^) 
have absolute value in an algebraic closure of Qoo- So we can recover Xv from Z^^^jr-^ by simply 

looking at this absolute value. This proves 2.3 <^ 2.7. 

Next if TTy and tt^ are semisimple 2.6 ^ 2.3 follows from Lemma 16.4^ 2. and 2.3 => 2.2 was already 
established in 1. 

Finally if /iyr and ^^^i are irreducible, 2.4 follows from 2.6 by Corollary 16.61 since /Ujr is also the 
minimal polynomial of 7r„ over by Lemma 16.21 Also 2.3 follows from 2.4 by Corollary 16.61 and vr^ 
and vr^ are semisimple, so 2.3 2.2 by the above. □ 



9 The Endomorphism Q-Algebra 

In this section we study the structure of QEnd(£) for a semisimple abelian r-sheaf £ over a finite 
field and calculate the local Hasse invariants of QEnd(^) as a central simple algebra over Q{ti). For 
a detailed introduction to central simple algebras, Hasse invariants and the Brauer group, we refer to 
[Reil Ch. 7, §§28-31]. 

Theorem 9.1. Let T_ he an abelian r-sheaf over the finite field of rank r with semisimple Frobenius 
endomorphism it, that is, Q{tt) is semisimple. Let v £ C be a place different from oo and from the 
characteristic point e. Let Xv he the characteristic polynomial of iTy. 

1. The algebra F = Q{tt) is the center of the semisimple algebra E = QEnd(^). 

2. We have r < [E : Q] = rQ^{xv,Xv) < ■ 

3. Consider the following statements: 

E = F. 
\^2. E is commutative. 
mS. [F:Q]=r. 
m4- [E:Q]=r. 

5. Xv has no multiple factor in Qy[x]. 

06. Xv is separable. 

We have IMl ^ 1^2 ^ ^ IE4 ^ IM5 ^ H6 always, 

O^? if IT y is absolutely semisimple. 

4- Consider the following statements: 
F = Q. 

\^2. E is a central simple algebra over Q. 
05. [E:Q]=r\ 

\^4- Xv is the r-th power of a linear polynomial in Qy[x]. 
[7} 5. Xv is purely inseparable. 

We have -^^1^2 <^\^3 <^\^4 ^\^5 always, 

\^4 if '^v is absolutely semisimple. 

If\^2 holds and moreover the characteristic point e := c(SpecFs) G Cf^ is different from oo, E is 

characterized by invoo E = wt{T), invg E = — wt(£) and inv^, E = for any other place v £ C. 
5. In general the local Hasse invariants of E at the places v of F equal iiWy E = — jj^^pSj . ^(vr). in 
particular 

iiw E = I ^ «/^^t^^oo> 

\ wt(^) • [Fy : Qoo] if v\oc and e ^ oo . 
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(Here Fy denotes the completion of F at the place v and is the residue field of the place v.) 

Remark 9.2. li e ^ oo and £ is an elliptic sheaf, that is, d = 1 and M(£) is the Anderson motive of a 
Drinfeld module, Gekeler |Gekl Theorem 2.9] has shown that there is exactly one place v of F above e, 
and exactly one place w of F above oo, and that inv^ E = [F : Q] •wt(£) and inv^, E = —[F : Q] •wt(^). 
Note that Gekeler actually computes the Hasse invariants of the endomorphism algebra of the Drinfeld 
module. So his invariants differ from ours by a minus sign, since passing from Drinfeld modules to 
abelian r-sheaves is a contravariant functor, see \BS\ Theorem 3.2.1]. 

Corollary 9.3. Let T_ he an abelian r-sheaf over the smallest possible field L = ¥q such that QEnd(£) 
is a division algebra. Then QEnd(^) is commutative and equals Q{it). 

Proof. QEnd(£) is a central division algebra over F by Theorem l9.lt which splits at all places of F by 
I9.1|4 5t hence equals F. □ 

Proof ( of Theorem \9.1\ ) . [T] was already proved in Corollary 16.101 
[21 Let 

n 

i=l 

with distinct irreducible £ Qv[x] and mj > for 1 < i < n. Then Y17=i ' deg/ij = degXv = r, 
and by Theorem 16.51 we have [E : Q] = rQ^{xv,Xv) = Z^iLi "^i " deg/Uj. The result now follows from 
the obvious inequalities 

" (1) - . Y 2 

r = 2_^mi-degidi < ■ deg in < 2^mj-deg//il = r . (9.1) 

i=l i=l \i=l ) 

[3l Since F = Z{E), the equivalence [3ll 4^32 is evident. We have equality in (1) of Equation 
()9.ip if and only if mj = 1 for all 1 < i < s which establishes the equivalence [3l4 4^315. In order 
to prove [3l5 =>l 313 we consider the minimal polynomial /i^ of vr^ over Q^. If Xv has no multiple 
factor, then jiy = Xv and therefore [F : Q] = [Qv{tTv) '■ Qv] = r. Next [3l3 =»r3ll because F C E 
and (dimQ^ Ft;)(dimQ^ = dimg^ Endg^ = by [Boul Theoreme 10.2/2], since E^ is the 
commutant of F^ in EndQ^(T4£)- Note that [3l3 =4^311 also follows from Lemma 17.21 Conversely 
Ell ^[314 because E = F implies r > [Qi,(7r„) : Qv] = [F : Q] = [E : Q] > r. For|3l5 =^6 we use 
Lemma l6.14| /2 as we know that Xv = fJ-v 1316 =>r3l5 is clear. 

m If = Q, then E is simple with center Q, so is a central simple algebra over Q. Since F = Z{E), 
the converse is obvious. This shows Hll 4^r4l2. We have equality in (2) of (19. ip if and only if n = 1, 
deg^i = 1 and mi = r which establishes HI 3 4^r^4. In order to connect [Hi 44(312 with[3l3 <4[3l4 let 
Xv be a power of a linear polynomial. By [Boul Proposition 9.1/1] the minimal polynomial of vr^ over 
Qv is linear and thus F = Q. The converse is trivial. For[ll5 =>i^4 we use again [6?T^ 2 to see that ^iv 
is linear. [514 ^{31 5 is clear. 

The statement about the Hasse invariants follows from [3 Nevertheless, we give a separate proof in 
case [k, I) = 1 using Tate modules, since this is much shorter here and exhibits a different technique 
than[5l By the Tate conjecture 14.31 E ®q Qv is isomorphic to EndQ„(V^£) = Mr{Qv) for all places 
V € C which are different from e and oo, so the Hasse invariants of E at these places are 0. Since the 
sum of all Hasse invariants is (modulo 1), we only need to calculate invoo E. 

As a first step, we show that W^i is contained in F^. In our situation, vr lies inside Q. Thus, bv l7.8l we 
get s*^/' = I loo = 9™" for some m S Z as | Q^ |oo = q'^- Since = s, we conclude that e • k/l = m G Z 
and hence / | e, since k and / are assumed to be relatively prime. Therefore F^! C F^e = F^. 

Consider the rational Tate module V^(£) at oo and the isomorphism of Qoo-algebras 

E^qQoo = EndA^[G](^ooZ) = EndA^(^ooZ) 
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from Theorem 14.31 Since dimg^ Aqo = l'^ and dimg^ V"oo£ = rl, we conclude that loo£ is a left 

r /I 

r//-dimensionaI Aoo-vector space and hence isomorphic to Aqo • Thus we have 

E^qQ^^ EndA^(A;/') = M,/,(EndA^(Aoo)) = M./^A^) . 
Our proof now completes by invoo E = inv A^ = — inv Aqo = j = wt(£) . 

O We prove the general case using local (iso-)shtuka rather than Tate modules which were used in|4l 
Our method is inspired by Milne's and Waterhouse' computation for abelian varieties [WM^ Theorem 8]. 
However in the function field case this method can be used to calculate the Hasse invariant at all places, 
whereas in the number field case it applies only to the place which equals the characteristic of the ground 
field. Let w he a place of Q and let := Nw{^) be the local cr-isoshtuka of £ at w. Let be the 
residue field of w and F^/ = F^ n F^ the intersection inside an algebraic closure of F^. Let ao be the 
ideal (6 ® 1 - 1 » 6 : 6 G F^/) of F^ and let R := {Q^ Of, Fjoo)[T] = Q„, ®f^^ F^T] be the 

non-commutative polynomial ring with T-{a0b) = (a O 6"^^ ) • T for a G Qw and 6 G F^. Since ®f f Fs 
is a field, i? is a non-commutative principal ideal domain as studied by Jacobson [Jacl Chapter 3]. Its 
center is the commutative polynomial ring Qw[T^] where = [F^ : F^/] = j. From Theorem 13.61 and 
Proposition 13.51 we get isomorphisms 

QEnd(£)0QQ^ ^ EndQ^^^^r4d^w) = EndR{N^/aoN^) 

where T operates on N^/aoNw as (j)^ . 

By pact Theorem 3.19] the i?-module Nw/%Nw decomposes into a finite direct sum indexed by 
some set I 

Nw/aoN^ = 0iY®"" (9.2) 

of indecomposable i?- modules Ny with ^ Ny' for v ^ v' . The annihilator of Ny is a two sided ideal 
of R generated by a central element fiy G Qw[T^] by |Jacl §3.6], which can be chosen to be monic. In 
particular (|9.2p is an isomorphism of Qyj[T^]-modules and fiy is the minimal polynomial of on Ny 
by [Jacl Lemma 3.1]. Therefore the least common multiple of the fj,y is the minimal polynomial of 
on Nyj/aoNyj. Note that operates on Nui/%Nw as the Frobenius vr, hence /x = mipo^^jr and 
F = Q{tt) = Q[T^]/(iJ,), where we write mipo for the minimal polynomial. By the semisimplicity of 
TT (and Proposition 16. 8p fi has no multiple factors in Q^lT^]. Since the fiy are powers of irreducible 
polynomials by ^ack Theorem 3.20] we conclude that all ^y are themselves irreducible in Q«,[T^]. Again 
[Jacj Theorem 3.20] implies that fiy / ^yi since Ny ^ Ny' and 

H = mipo^i^ = inside Qw[T^] ■ 

Thus F0QQy, = Qy,[T9]/{ij) = n^g^ Qw[T3]/{fiy) = lly\n, Fy. Sol is the set of places of F dividing 
w and Fy = Qw[T9]/{fJ,y) is the completion of F at v, justifying our notation. Let iTy be the image of 
vr in . Its minimal polynomial over is fiy . This implies that E 0q Qyj decomposes further 

E^qQy, = 0End^(iVr") = ^ ®f 



and E (g)F Fy ^ EndR(iV®""). 
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Now fix a place v above w and consider the diagram of field extensions 

g/h 




Let h := [F^ n F^ : F^/] = gcd([F^ : ¥gf],g). Let i := : F^/]. From the formulas 

[F^F, :FJ = [F, :F,/] = g, 

[F^(F^nF,) :FJ = [F^nF, :Fq 

[F^F, : (F^F, n F„)] = [F^F, : F.,] 

F^(F„nF,) C F^F,nF„ 



= h, 

Ws : F^ n F, 



and 



we obtain F^F^ n F„ = F^(Ft, n Fg) = W^fhi. Let F^^l be the compositum of Qw ®f f F^ and in 
an algebraic closure of Qw Note that Fy^L is well defined since F^/F^/ is Galois. Let -F^^l[T'] be the 
non-commutative polynomial ring with 



T' • (a® 6) = (a^ft"^") -2"' and T' ■ x = x ■ T' 

for aeQyj,he F^, and x G F„ and set = F^^lIT']/ {{T')9/^' - vr*). Observe that the commutation 
rules of T' are well defined since {Qw ®y / F^) n F^ has residue field F^^F^ PlFt, = F^/hi and is unramified 
over Qu;, because Qw^Y f F^ is. Moreover, the extension Fy^^/Fy is unramified of degree [F^F^ : F^,] = ^ 



and T := (T')^^"'^''^/ ^^"^ is its Probenius automorphism. Since T^/^ = vri, 



Wv.¥g]/fh 



the cyclic algebra (Fy^L/Fy,T,-K^ 



'¥^:¥g]/fh 



in At,, our A^ is just 



) and has Hasse invariant 



\¥s:¥a 



■ V 



(iTy); compare [ReH p. 266]. 



We relate A^, to E ®f Fy. Firstly by [ Jaci Theorem 3.20] there exists a positive integer u such that 
N®"" ^ R/Rfiy{T9). Therefore 

MuiEc^pFy) ^ M„(EndR(iV®"")) = End/j(iV®™") = M„„ ((/?/i?^i,(r3))°P) . 

Secondly we choose integers m and n with m > and mi + ng = 1. We claim that the morphism 
R/Rliy{T9) 



Mh{A.y), which maps 
/ a 6 



V 



a®h'i 



f(h-l) 



and 



T 



( ° 



1 



for a £ Qw and 6 G F^, is an isomorphism of F^-algebras. It is well defined since it maps T ■ {a®b) and 
(a® 63^) -T to the same element because (T')" = (T')^/* in Gal(F^,L/F^), and it maps = {T'^)9/h to 
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^ng^rp/s^mg/h . j^^^ _ - Idh- Since RjiviT^) C -R is a maximal two sided ideal the morphism is injective. 
To prove surjectivity we compare the dimensions as Qw-Yectoi spaces. We compute 

dim^„M,(A,) = /i2.(f)2 = g\ 

dimg^cgjp f^{R/ Rfx^iT^)) = g-degfiy = g ■ [E^ : Q^] , and 

qf 

dimQ^{R/Rls,{TS)) = g^-[F,:Q^] = dimg^ iV4(A,) . 

Altogether Mu{E 0p Fy) = M^n^ {^'^F) and inv^, E = — inv^ = — -E^^^^ • v{7r^) as claimed. 

It remains to convert this formula into the special form asserted for v f eoo or v\oo. If v\oo and 
e 7^ oo, let Cy be the ramification index of Fy/Q^o- Then we get from Theorem 17.81 the formula 
gewt(^) _ 1^1^ _ q-v(TTv)/ey ^ since the residue field of Qoo is Fg. This implies as desired 

■ ^,(^ ^ _ [F.:F,]-(-e,e-wt(a) _ , IF . n ] 

Finally if 7^ e, oo is a place of Q, the local tr-shtuka My,{Q at w is etale. So ^ = mipoT^\jr has 
coefficients in Ay, with constant term in A'!^. Therefore v{Tiy) = for all places v oi F dividing w. □ 



Example 9.4. Let C = Pp_^, C \ {co} = SpecFg[t] and L = Fg. Let d be a positive integer. Let 
Ti := 0{d\^] ■ 00) e 0{d\'^] • 00) for i G Z and let r := q). Then £ = {J'i,ni,Ti) is an 

abelian r-sheaf of rank 2, dimension d, and characteristic e = V{t) £ over Fg. Hence the Frobenius 
endomorphism vr equals r. If d is odd then ^ is primitive (that means (d, r) = 1) and therefore simple 
by [BHlt Proposition 7.4]. In particular, vr is semisimple. We have 

„2 ,d 



tin = Xv = X-r = {X- Vtd){x + Vt^) 

which means that TTy is not absolutely semisimple in characteristic 2. Moreover, we calculate 
rQ^{Xv,Xv) = 1 • 1 • 2 = 2 whereas in the field extension Qy{Vt) / Qy we have 

, . ( 2 ■ 2 ■ 1 = A in characteristic 2, 

^Qv(Vt)y^^^Xv) = I 1.1.1 + 1.1.1 = 2 in characteristic different from 2. 

Although the later has no further significance it illustrates the remark after Definition l6.31 By Theorem 
I9.1|4 3l we have E = F = Q{tt) commutative and [E : Q] = 2 = r. Moreover, | tt |oo = | Vt^\oo = (f^'^ 
and Xv is irreducible. But Xv is not separable in characteristic 2. 
If d = 2n is even then the minimal polynomial of vr is 

So vr is semisimple if and only if char(Fg) 7^ 2. In this case T_ is quasi-isogenous to the abelian r- 
sheaf T[ with !F[ = Oc]^{in • oo)®^ and t- = ( ^ t" ) • '^^^ quasi-isogeny / : ^ £ is given by 



/o,r) = ( I *i ) • -^Or; — ^ •^'^o,?^- The abelian r-sheaf ^ equals the direct sum 

jr(2) where 



J^-''^ = Oc^iin • 00) and t-'''^ = (—!)■' t". Note that ^^^^ and are not isogenous over Fg, since the 
equation — t" ■ a*{g) = g ■ has no solution g £ Q for char(Fg) 7^ 2. Therefore 

2 

QeQ = 0QEnd(£(^')) ^ ^ = F = Q[x]/{x^ -t^"") ^ Q®Q. 

Now we consider the same abelian r-sheaf over L = Fg2 . This means it = t'^ = £ Q and therefore 
Xv = {x — f^)"^. Thus TT is semisimple. By Theorem I9.1| /H1 we have F = Q{'k) = Q and E is central 
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simple over Q with [E : Q] =4 and invoo E = invsE = |. Moreover, | vr |oo = 1 1*^ |oo = q'^- In this 
case, TTy is absolutely semisimple. Note that if d is even and char(Fg) = 2 this is another example for 
Theorem 16.151 

If d is odd then ^ is still primitive, whence simple and E is a division algebra. If d = 2n is even 
then the abelian r-sheaves ^^^^ and ^^^^ defined above are isomorphic ^^^^ 1 "-^ A where 

A e ¥g2 satisfies A^-^ = -1. Therefore MiiQ) = M2 (QEnd(^(^))) = in accordance with the Hasse 
invariants just computed. 



Example 9.5. We compute another example which displays other phenomena. Let C 



and let 



C \ {00} = SpecFjt]. Let = Ocilf^l • oo)®^ © Oc^H^] ■ oo)®^ let Hi be the natural inclusion, 



and let Tj be given by the matrix 

/ 

T : = 





t 

Vo 



a 


/ 



with a,b£¥q\ {0} 



1 and characteristic e 

u2^2 _ „+2 



Vit)G 



Then £ is an abelian r-sheaf of rank 4 and dimension 2 with I = 2,k 

P^. One checks that the minimal polynomial of the matrix T is x*^ — — af^ which is irreducible 
over Q if char(Fg) 7^ 2, since it has neither zeroes in ¥q[t] nor quadratic factors in Q[x]. If char(Fg) = 2 
then the minimal polynomial is a square and £ is not semisimple. 



For L 
For L 



¥q and 2 f g we obtain tt = r semisimple and E = F = Q^n) = Q[x]/{x'^ — iP'x'^ — at^). 



Fg2 we have vr 



T and the minimal polynomial of vr over Q is x — h x — at , which is 



irreducible also in characteristic 2 since it has no zeroes in ¥q[t]. Hence vr is semisimple, F is a field 
with [F : Q] = 2 and : F] = 4 by Corollarv 16.61 This again illustrates Theorem I6.15[ We compute 
the decomposition of 00 and e in F. 



Decomposition of e: Modulo t the polynomial x^ — b'^x 
by Hensel's lemma F ®q Q^ = Fy® F^i splits with Fy = 



- at^ has two zeroes x = 6^ and x = in Fg. So 
Fyi = Qe and t;(7r) = and v' {-k) = v'{at^) = 2. 



Thus the Hasse invariants of E are inv^, E = inv„/ E = 0. 



Decomposition of 00: Set y = n/t. Then y"^ — 



0. 



(y-a'?/2) 



0, that is, 00 ramifies in F, F (^q Qoo = F^ 



2 and inv,,, E = 0. 



Case (a). If 2\q then (y - a'^/^f - 

with u;(f - a-j/^) = l and w{\) = 2 ■ oo{\) = 2. So [F^ : Qooj 

Case (b). If 2 \ q and y/a G Fg then the polynomial — — a has two zeroes y = ^^/a modulo j. 
So by Hensel's lemma F (8)q Qoo — © F^i splits with [F^ : Qoo] = [Fw' '■ Qoo] = 1- Thus the local 
Hasse invariants of E are inv^ E = inv^' E 
Hasse invariants can occur only if > 2. 
Case (c). li 2 \ q and ^/a ^ ¥q then y^ - 



a is irreducible modulo 
Qoo = Fw with [F^ : Qoo\ = 2. Thus the Hasse invariant of E is inv^ E 



1 

" 2- 



As was remarked in 19.21 such a distribution of the 



and 00 is inert in F, 
0. 



In case (b) ii^ is a division algebra and £ is simple. In cases (a) and (c) E = M2{F) and £ is 
quasi-isogenous to {^)®'^ for an abelian r-sheaf of rank 2, dimension 1 and QEnd(£') = F. This 
surprising result is due to the fact that being of dimension 1, is associated with a Drinfeld module 



and thus of the form T', = Oc^H^] ■ 00) © Ocr^{\'^] ■ 00) with = *) and c, d G Fq2. Then 



„/ _ (^'\2 _ ( ci+^+dH ct 
^ — V ) — \ cid dt 

equal to x^ — 6^x — at^. 
and we are in case (a) 
and we are in case (c) 
for instance by 



(c'?+^ + ((i + d'J)t)x + d'^+^t^ which must be 

and = —a. So either d £ ¥q and 2\q 
d'^ . The later implies 2 | g and ^/a = d ^¥q 
If we choose c = 6 in case (c) a quasi-isogeny / : £ — > over F„2 is given 



has minimal polynomial x^ - 

This is possible only if d + d'' ■ 
-d, and a 



or d G Fg2 \ Fg, 



f d 



V 1 



a 





-d 
d/t 






a 

a/t 
bd/t j 
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10 Kernel Ideals for Pure Anderson Motives 

In this section we investigate which orders of E can arise as endomorphism rings End(M) for pure An- 
derson motives M. For this purpose we define for each right ideal of the endomorphism ring End(M) 
an isogeny with target M and discuss its properties. This generahzes Gekeler's results for Drinfeld 
modules \Gek\ §3] and translates the theory of Waterhouse \Wat\ §3] for abelian varieties to the func- 
tion field case. These two sources are themselves the translation, respectively the higher dimensional 
generalization of Deuring's work on elliptic curves [Deu] . 

Let M be a pure Anderson motive over L and abbreviate R := End(M). Let / C -R be a right ideal 
which is an ^-lattice in E := R (gi^ Q. This is equivalent to saying that / contains an isogeny, since 
every lattice contains some isogeny a ■ idjvf for a € A and conversely the existence of an isogeny / G I 
implies that the lattice / • • i? is contained in /. 

Definition 10.1. 1. Let be the pure Anderson sub-motive of M whose underlying A^-module is 
^g(^i 1111(5') • This is indeed a pure Anderson motive, since if I = fiR + . . . + fnR are arbitrary 
generators, then equals the image of the morphism 

:Me...eM M. 

As I contains an isogeny, has the same rank as M and the natural inclusion is an isogeny 
which we denote fj : M. 
2. If I = {f e R: im(/) C } then I is called a kernel ideal for M. 

The later terminology is borrowed from Waterhouse \Wat\ §3]. Since {f^R: im(/) C } is the 
right ideal annihilating coker // one should maybe use the name "cokernel ideal" instead. 

Proposition 10.2. Let I G R be a right ideal which is a lattice, and consider the right ideal J := {f £ 
R : im(/) C } C R containing I. Then M'^ = . In particular, J is a kernel ideal for M. We 
call J the kernel ideal for M associated with I. 

Proof. Obviously J is a right ideal and M"^ c by definition of J. Conversely C M'^ since 
I CJ. □ 

Lemma 10.3. 1. For any g G I, ff^ o g : M ^ is a morphism and g = fi o {ff^ o g). 

2. If I = gR is principal, g an isogeny, then fJ^og-.M^ is an isomorphism and I is a kernel 
ideal. 

Proof. 1 is obvious since the image of g lies inside . 

2. Clearly ff^og is injective since g is an isogeny and surjective by construction, hence an isomorphism. 
To show that / is a kernel ideal let / S satisfy im(/) C . Consider the diagram 




and let h := {fj ^ o g) ^ o (fj ^ o /). Then f = gh € I as desired. □ 

Example. If a G A and / = aR, then = aM and coker// = M/aM. More generally if a C ^1 is an 
ideal and I = aR then = aM and coker fi = M/aM. 

Proposition 10.4. Let I C R and J C EndfM-^) be right ideals which are lattices in E. Then also the 
product K := fi ■ J ■ fj^ ■ I is a right ideal of R and a lattice in E and f^^ ° fi ° fj is an isomorphism 
of {M^Y with M^ 

{My M^ M M^ . 
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Proof. If / € / and g £ J then the morphism ff^ ° f '■ M ^ can be composed with fjogio yield 
an element of R. Since / and J contain isogenics, X is a right ideal and contains an isogeny. Clearly 
the images of // o fj and fx in M coincide since they equal the sum ■ fj o gj o ff^ o fi{M) for sets 
of generators {/»} of I and {gj} of J. □ 

Theorem 10.5. Let I, J C End(M) =: R be right ideals which are lattices in E := R®aQ and consider 
the following assertions: 

1. I and J are isomorphic R-modules, 

2. the pure Anderson motives and M'^ are isomorphic. 

Then 1 implies 2 and if moreover I and J are kernel ideals, also 2 implies 1. 

Proof. 1 =^ 2. Since / and J are lattices, the i?- isomorphism I ^ J extends to an £^-isomorphism of 
E and is thus given by left multiplication with a unit g € E^ , that is, J = gl. There is an a G A such 
that ag e I C R. Then im{ag) C , that is, ff^ o ag : M ^ IS an isogeny. 

Let K be the right ideal // • [fj^ o ag o fj ■ End(M^)) • ff^ ■ I of R. We claim that ^ M^^s)^. 
Namely, M^^f)^ C since agl C K. Conversely if / G /, /i G End(M-'^), and m £ M, then we find 
m' := fi oho ff^ o f{m) G , that is, m' = fiimi) for suitable fiGl and rrii G M. It follows that 
ag{m') = Y,i agfi{mi) G M^'^^)^ and therefore M^'^a)! = m^. 

Applying Lemma 110.31 and Proposition 110.41 now yields an isomorphisms = = M^^^^^. 
Likewise we obtain M'^ = M*^"^ and the equality a J = agl then implies M'^ = as desired. 

2^1. Let / and J be kernel ideals and let u : M*^ be an isomorphism. There is an a G j4 with 

aM C M^. Therefore g:= fjouo {fj^ o a) : M ^ M IS an isogeny. 

We claim that gl = aJ, that is, left multiplication by a~^g is an isomorphism of / with J. Let f ^ I, 
then h := fjouo {fj^ o /) G i? has im(/i) C M"^. So /i G J since J is a kernel ideal, and gf = ah G aJ, 
since a commutes with all morphisms. Conversely let h G J, then / := fjou~^o {fj^ o /i) g i? has 
im(/) C . So / G / since / is a kernel ideal, and ah = gf ^ gl as desired. □ 

Proposition 10.6. Let I C R be a right ideal which is a lattice in E. Then fj ■ EndfM'^) • fj'^ contains 
the left order = {f^E: ficl} of I and equals it if I is a kernel ideal. 

Remark. Recall that End(M^) <Sia Q is identified with E by mapping h G End(M^) to fj o ho fj^. 

Proof. Let f G O and g G I. Then fgGi and /^^ o f o fj o {ff^ ° d) = ff^ o /5 is a morphism 
from M to . If g varies, the images of ff^ o g exhaust all of . Hence ff^ofofj is indeed an 
endomorphism of . Conversely let I be a kernel ideal and lei f = fj oho fj"^ g // • End(M^) • fj^. 
If (7 G / then fog = fjoho {fj^^ o g) ^ R has im(/ o g) c. . So fg G I as desired. □ 

We will now draw conclusions about the endomorphism ring R similar to Waterhouse' results [Wat] 
on abelian varieties by simply translating his arguments. 

Theorem 10.7. Every maximal order in E occurs as the endomorphism ring f • End(M') • f~^ C E 
of a pure Anderson motive M' isogenous to M via an isogeny f : M' M . 

Proof. Let S" be a maximal order of E. Then the lattice R contains aS for some a £ A. Consider the 
right ideal / = aS ■ R whose left order contains S. By Proposition 110.6] // • End(M^) • ff^ contains the 
left order of /. Since S is maximal we find S = fi- End(M^) ■ ff\ □ 

Theorem 10.8. If E is semisimple and End(M) is a maximal order in E, so is fj ■ End(M^) • fy^ for 
any right ideal I C R. 



Proof. By |ReH Theorem 21.2] the left order of / is also maximal and then Proposition 110.61 vields the 
result. □ 
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Prom now on we assume that L is a finite field and we set e := [L : ¥q]. Let vr be the Frobenius 
endomorphism of M. 

Proposition 10.9. The order R in E contains vr and deg(7r)/7r. 

Proof. Clearly the isogeny vr belongs to R. Let now a £ deg(7r). Then a annihilates cokervr by 12.101 
and so there is an isogeny f ■ M ^ M with vr o / = a. The image a/n of f in E belongs to R. □ 

Proposition 10.10. If M is a semisimple pure Anderson motive over a finite field and End(M) is a 
maximal order in E = End(M) ®aQ, then every right ideal I C End(M), which is a lattice, is a kernel 
ideal for M, and deg{fi) = N{I) := (A^(/) : / G /) . 

Proof (cf. [Watl Theorem 3.15]) Let / G /, then / = // o fy^f and N{f) G deg(/) C deg(//) by 
Lemma 12.91 Therefore N(I) C deg(//). Let R' be the left order of /. It is maximal by \Rei\ Theorem 
21.2]. For a suitable a G A the set J' := {x G E : xl C aR} is a right ideal in R' and a lattice in E 
and satisfies J' ■ I = aR by [Reil Theorem 22.7]. Let J := fJ^J'fi C End(M'^) be the induced right 
ideal of End(M^) = ff^R'fr, see 110.61 Then coker // o f j = coker /j// = coker a by Proposition 110.41 
Therefore Theorem 17.31 and |ReH 24.12 and 24.11] imply 

N{a) ■ A = N{J') ■ N{I) C (deg/j)(deg//) = deg(a) = N{a) -A. 

By the above we must have N{I) = deg(//) since A is a Dedekind domain. If / were not a kernel ideal 
its associated kernel ideal would be a larger ideal with the same norm. But this is impossible by [Reij 
24.11]. □ 

Like for abelian varieties there is a strong relation between the ideal theory of orders of E and the 
investigation of isomorphy classes of pure Anderson motives isogenous to M. We content ourselves with 
the following result which is analogous to Waterhouse [Wat! Theorem 6.1]. The interested reader will 
find many other results without much difficulty. 

Theorem 10.11. Let M be a simple pure Anderson motive of rank r and dimension d over the smallest 
possible field Fg. Then 

1. End(M) is commutative and E := End(M) ®a Q = Q{t^)- 

2. All orders R in Q{'k) containing vr are endomorphism rings of pure Anderson motives isogenous 
to M. Any such order automatically contains A^(vr)/vr = NQ(^^yQ{'K) /tt . 

3. For each such R the isomorphism classes of pure Anderson motives isogenous to M with endo- 
morphism ring R correspond bijectively to the isomorphism classes of A-lattices in E with order 
R. 

Proof. 1 follows from 16. iTl and [9131 

2. Let R be an order in (5(vr) containing vr and let w 7^ e be a maximal ideal of A. Since [E : Q] = r 
and Ey is semisimple, there is by Lemma 17.21 an isomorphism E^ — > V^M of (left) E'^-modules given 
by / 1-^ f{x) for a suitable x G V^M. It identifies R^ := R 0a Ay with a vr-stable lattice = R^ ■ x 
in VyM, which without loss of generality is contained in T^M. By Proposition 14.41 there is an isogeny 
/ : M' ^ M of pure Anderson motives with Tyf{TyM') = A^. By Theorem 14.21 we conclude 

End(M') ®A Ay = End^^[^](A^) = R^ . 

For V = e note that Qe,L = Qe since L = ¥q. In particular = F^. Since dimg^ Ne{M) = 1' = [E ■ Q], 
Theorem 13.71 together with Lemma [7.21 show that E^ is isomorphic to N^{M) as left i?£-modules. Since 
R contains vr, the image of R^ := R (^ia in NeiM) is a local cj-subshtuka M' of M^jM) of the same 
rank. (If it is not contained in M^(M), multiply it with a suitable a G A.) Then Proposition 13.91 vields 
an isogeny of pure Anderson motives / : M' M such that Me{f){M£{M'y) = M' aiid 



End(M') ®A Ae = End^^,[^](M') = Re 
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by Theorem 13.71 Since each of these operations only modifies End(M) at the respective place v, this 
shows that we may modify M at all places to obtain a pure Anderson motive M' with End(M') = R. 
Now the last statement follows from Proposition 110.91 and Theorem 17.31 

3. Let R be such an order. By what we proved in 2 there is a pure Anderson motive M for which 
ah TyM = Ry and MeiM) = Re- Let / C be a (right) ideal which is an A-lattice in E and 
consider the isogeny // : M. Under the above isomorphisms Tyfi{TyM^) = I ='■ Iv and 

MefiiMeM^) = I^aAs =: J^.^Conversely if / : M' ^ M is an isogeny then Myf{MyM') is a (left) 
i?^-module because R = End(M), hence isomorphic to an i?t;-ideal 1^. This shows that any isogeny 
/ : M' ^ M is of the form // : M. 

If now f € R satisfies im(/) C then f le and f £ Iv for all v and therefore f £ I- This shows 
that every I is a kernel ideal for M. By Proposition 110.61 End(M-^) is the (left) order of /. Since every 
lattice with order i? in £^ is isomorphic to an ideal of R, we have 

{ A-lattices in E with order R}/^ 

{ICR Ideals with order R }/^ ^ M ^ M with End{M^) = R}/^ 

and the assertion now follows from Theorem 110.51 □ 
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